A brief surv ey of bandwidth selection for

densit y estimation

M. C. Jones, J. S. Marron, S. J. Sheather

April 3, 1994

Abstract

There has b een ma jor progress made in recen t y ears in data based band-

width selection for k ernel densit y estimation. Some “second generation”

metho ds including plug-in and smo othed b o otstrap tec hniques ha v e b een

dev elop ed, whic h are far sup erior to w ell kno wn, “first generation” meth-

o ds, suc h as rules of th um b, least squares cross v alidation, and biased cross

v alidation. W e recommend a “solv e the equation” plug in bandwidth selec-

tor as b eing most reliable in terms of o v erall p erformance. This pap er is

in tended to pro vide easy accessibilit y to the main ideas for non exp erts.

KEY W ORDS: Bandwidth selection; Kernel densit y estimation; Nonparametric curv e estimation; Smo othing parameter selection.

M. C. Jones is Reader, Departmen t of Statistics The Op en Univ er-

sit y Milton Keynes MK7 6AA United Kingdom. J. S. Marron is Pro-

fessor, Departmen t of Statistics, Univ ersit y of North Carolina, Chap el

Hill, NC 27599-3260 USA (researc h supp orted b y NSF Gran t DMS-

9203135 and the Australian Graduate Sc ho ol of Managemen t). S. J.

Sheather is Asso ciate Professor, Australian Graduate Sc ho ol of Man-

agemen t, Univ ersit y of New South W ales, Sydney NSW 2052, Aus-

tralia.

Short Title: Surv ey of Bandwidth selection

1. In tro duction

Smo othing metho ds pro vide a p o w erful metho dology for gaining insigh ts in to data.

Man y examples of this ma y found in the monographs of Silv erman (1986), Eubank

(1988), M üller (1988), H¨ ardle (1990), W ah ba (1990), Scott (1992) and W and and

Jones (1994). But effectiv e use of these metho ds requires c hoice of a smo othing

parameter. When not enough smo othing is done, the resulting densit y or regres-

sion estimate is to o rough, and con tains spurious features, whic h are artifacts of the sampling pro cess. When to o m uc h smo othing is done, imp ortan t features of

the underlying structure are smo othed a w a y .

In the hands of an exp ert, in teractiv e visual c hoice of the smo othing param-

eter is a v ery p o w erful w a y to analyze data. But there are a n um b er of reasons

wh y it is imp ortan t to b e able to c ho ose the amoun t of smo othing automatically

from the data. One is that soft w are pac k ages need a default. This is useful in

sa ving the time of exp erts through pro viding a sensible starting p oin t, but b e-

comes imp erativ e when smo othing is used b y non-exp erts. Another reason this is

imp ortan t is that in a n um b er of situations man y estimates are required, and it

can b e impractical to man ually select smo othing parameters for all, e.g. see the

income data in P ark and Marron (1990). An extreme case of this comes in the

imp ortan t field of dimensionalit y reduction. In that con text, man y metho ds, suc h

as Pro jection Pursuit, Additiv e Mo deling, A CE, MARS, SIR, etc. are based on

rep eated use of smo others. Man ual c hoice of smo othing parameter at eac h step is

clearly infeasible.

In this pap er w e fo cus only on the sp ecific case of one dimensional k ernel

densit y estimation. This is done since researc h in data based bandwidth selection

has progressed m uc h further there than in other con texts. P erhaps this is b ecause

of the app ealing simplicit y of this setting. Of course more general con texts (e.g.

higher dimensions and estimation of other functions, suc h as regression) are of

great in terest. W e hop e the presen t summary will help to stim ulate w ork in

those imp ortan t related areas, and pro vide some guidance. See Gasser, Kneip

and K¨ ohler (1991) and Rupp ert, Sheather, and W and (1995) for first steps in the

direction of k ernel regression.

There ha v e b een man y prop osals for data based bandwidth selection metho ds

made o v er the y ears. A few imp ortan t ones are discussed in section ?? . F or simple

understanding of the man y prop osals, w e group them in to “first generation” and

“second generation” metho ds, b ecause these has b een a quan tum leap in terms

of p erformance (b oth theoretical and practical) for a n um b er of more recen tly

dev elop ed metho ds, compared to earlier ones. Most “first generation” metho ds

w ere dev elop ed b efore 1990. This decade has seen some ma jor breakthroughs in

terms of p erformance, in sev eral directions, and also a large n um b er of relativ ely

minor v ariations. W e apply the name “second generation” to those with sup erior

p erformance. Simple access to, and understanding of, these tec hniques is the main

p oin t of this pap er.

Most of the “first generation metho ds” are surv ey ed in Marron (1989). See also

Silv erman (1986) and Scott (1992). An exhaustiv e treatmen t of these metho ds is

not a goal of this pap er (as it w ould obscure our main p oin ts), but ma y b e found in

Jones, Marron and Sheather (1992). Hence only some of the b est kno wn of these:

Rules of Th um b, Least Squares Cross-V alidation, and Biased Cross-V alidation,

are explicitly considered here. The motiv ations for eac h of these are discussed in

section 2.2.

This pap er is in tended to pro vide quic k access to the main ideas b ehind “second

generation metho ds”. Again for the sak e of clarit y , since there are man y v ariations

that can obscure the main ideas, w e fo cus only on t w o represen tativ e metho ds, a

“solv e the equation plug in” metho d, and a “smo othed b o otstrap”, describ ed in

section 2.3. W e a v oid a historical treatmen t, and giv e only partial references. F or

a more complete treatmen t, from a historical viewp oin t, with complete references,

and detailed discussion of v ariations that ha v e b een suggested, see Jones, Marron

and Sheather (1992). Quic k access to implemen tation of most of the metho ds

discussed here is pro vided in P ark and T urlac h (1992).

V arious w a ys of comparing bandwidth selectors are considered in section 3.

These include: real data examples, with a new one sho wn in section 3.1; asymp-

totic analysis, with ma jor ideas surv ey ed in section 3.2; and a sim ulation study ,

whose main lessons are summarized in section 3.3.

T ak en together, these comparisons pro vide a prep onderance of evidence for

the three main p oin ts of this pap er:

1. Second generation metho ds are far sup erior to the b etter kno wn first gener-

ation metho ds.

2. Second generation metho ds are ready for widespread use as defaults in soft-

w are pac k ages.

3. The solv e the equation plug in metho d is the b est of the second genera-

tion metho ds in terms of o v erall p erformance. W e suggest that this should

b ecome a b enc hmark for go o d p erformance.

2. Metho ds and Motiv ations

Here w e discuss the main ideas b ehind some imp ortan t bandwidth selection meth-

o ds. See Marron (1989) and Jones, Marron and Sheather (1992) for a compre-

hensiv e in tro duction. Some bac kground material and notation, common to man y

metho ds, is discussed first.

2.1. Bac kground

In teresting structure in a set of data, X

1

, ..., X

n

, is often rev ealed through plotting

the k ernel densit y estimator,

^

f

h

( x ) = n

− 1 n

∑

i =1

K

h

( x − X

i

) ,

where K

h

( · ) =

1

h

K

(

·

h

)

, for a “k ernel function” K (often tak en to b e a symmet-

ric probabilit y densit y), and a “bandwidth” h (the smo othing parameter). See

Silv erman (1986) and Scott (1992) for man y in teresting examples, and a go o d

in tro duction to imp ortan t ideas.

The b eha vior of

^

f ma y b e usefully mathematically analyzed b y assuming the

data are indep enden t realizations from a probabilit y densit y f ( x ), and b y viewing

^

f as an estimator of f . A common w a y of measuring the error in this estimation

pro cess is the Mean In tegrated Squared Error,

M I S E ( h ) = E

∫

(

^

f

h

− f )

2

,

where

∫

denotes definite in tegration o v er the real line, and dep endence on h is

made explicit b ecause of the imp ortan t effect of this smo othing parameter. There has b een m uc h discussion of the appropriateness of M I S E as a measure of error,

see section 2 of Jones, Marron and Sheather (1992), and Grund, Hall and Marron

(1994) for details. Here w e use M I S E b ecause it is simple, and allo ws v ery

deep analysis, as sho wn in Marron and W and (1992). P ark and T urlac h (1992)

considered n um b er of mo des as a criterion for p erformance, and arriv ed at similar

conclusions to those giv en here. See Marron and Tsybak o v (1995) for a useful

alternativ e measure of error.

Asymptotic analysis pro vides a simple w a y of quan tifying ho w the bandwidth

h w orks as a smo othing parameter. In particular, under standard tec hnical as-

sumptions (see e.g. section 3.3 of Silv erman (1986)), M I S E is asymptotically (as

n → ∞ ) appro ximated b y the Asymptotic Mean In tegrated Squared Error,

AM I S E ( h ) = n

− 1

h

− 1

R ( K ) + h

4

R ( f

′′

)

( ∫

x

2

K / 2

)

2

,

where here and in the follo wing, the functional notation R ( φ ) =

∫

φ

2

( x ) dx is used

and

∫

x

2

K =

∫

x

2

K ( x ) dx . This quan tifies the effect of the smo othing parameter

h . In particular, note that the first term (in tegrated v ariance) is large when h is

to o small, and the second term (in tegrated squared bias) is large when h is to o

large.

Another useful feature of AM I S E ( h ) is that its minimizer is simply calculated:

h

AM I S E

=

[

R ( K )

nR ( f

′′

) (

∫

x

2

K )

2

]

1 / 5

.

This pro vides simple insigh t in to “go o d” bandwidths. F or example, smaller band-

widths are b etter for larger n (sensible since the estimator should b e “more lo cal”

when there is more information presen t) and when the densit y is rougher (since

the bias effect is stronger). Under man y circumstances, h

AM I S E is a go o d ap-

pro ximation to h

M I S E

, the minimizer of M I S E (with ties brok en arbitrarily in

the case of m ultiple minimizers), but sometimes not, as indicated in Marron and

W and (1992).

Note that the estimator discussed here uses the same amoun t of smo othing at

all lo cations. As noted in section 5.1 of Silv erman (1986) and section 6.6 of Scott

(1992), in some con texts large impro v emen ts can b e made with lo cal bandwidth

metho ds. Ho w ev er, these require an ev en more difficult bandwidth c hoice (a whole

function, not just a n um b er), and hence are not discussed in this pap er.

2.2. First Generation Metho ds

First generation metho ds for bandwidth selection w ere mostly prop osed b efore

1990. Three of the b est kno wn of these are discussed here. See Silv erman (1986)

and Scott (1992) for detailed discussion of some of the prop erties of these. Man y

others are surv ey ed in Marron (1989) and Jones, Marron and Sheather (1992).

2.2.1. Rules of Th um b

This idea go es bac k at least to Deheuv els (1977), and w as p opularized b y Silv er-

man (1986). It is to replace the unkno wn part of h

AM I S E

, R ( f

′′

), b y an estimated

v alue based on a parametric family . Since scale is v ery imp ortan t for bandwidth

c hoice, but lo cation is not, a natural c hoice for parametric family is N (0 , σ

2

). See

section 3.4.2 of Silv erman (1986) and Janssen, Marron, V era v erb ek e and Sarle

(1995) for discussion of scale estimates. In this pap er w e use h

R O T to denote this

bandwidth based on standard deviation, as in (3.28) of Silv erman (1986). In our

sim ulations, this w as somewhat w orse than the b est scale measure of Janssen,

Marron, V era v erb eek e and Sarle (1995), but w as close enough to b e reasonably

represen tativ e.

An in teresting v ariation of this idea is “o v ersmo othing”, prop osed b y T errell

and Scott (1985) and T errell (1990). They solv e the v ariational problem of minimizing R ( f

′′

) sub ject to v arious t yp es of scale constrain ts. This solution, together

with a scale estimate, results in a “maximal p ossible amoun t of smo othing”, and

an “o v ersmo othed bandwidth” whic h comes from using this in h

AM I S E

. Upp er

b ounds on “a reasonable amoun t of smo othing” are quite useful in certain con-

texts, e.g. determination of a grid for searc hing b y more sophisticated metho ds.

Ho w ev er w e do not view the o v ersmo othed bandwidth as suitable for general use,

b ecause it is larger than h

R O T whic h already suffers from b eing unacceptably large

in that it often smo oths out imp ortan t features suc h as ma jor mo des.

2.2.2. Least Squares Cross-V alidation

This idea w as first published b y Rudemo (1982) and Bo wman (1984). A simple

motiv ation comes from represen ting the In tegrated Squared Error as

I S E ( h ) =

∫

(

^

f

h

− f )

2

=

∫

^

f

2

h

− 2

∫

^

f

h f +

∫

f

2

.

Note that the minimizer of the I S E is the same as the minimizer of the first t w o

terms of the final form. The first term is en tirely kno wn, and the second term

can essen tially b e estimated b y the metho d of momen ts. F or tec hnical reasons

not discussed here, the second term is estimated b y − 2 n

− 1

∑

n

i =1

^

f

i

( X

i

), where

^

f

i is the “lea v e one out” k ernel densit y estimator defined using the data with X

i

remo v ed. The largest lo cal minimizer (whic h giv es b etter empirical p erformance

than the global minimizer) is denoted h

C V

. The function b eing minimized has

fairly frequen t lo cal minima, as quan tified in Hall and Marron (1991a).

2.2.3. Biased Cross-V alidation

This metho d, prop osed b y Scott and T errell (1987), attempts to directly minimize

the AM I S E . This requires estimation of the unkno wn R ( f

′′

) whic h requires an-

other bandwidth b e selected. This difficult y is addressed b y taking the bandwidth

to b e the dumm y v ariable of minimization. The smallest lo cal minimizer (whic h

giv es b etter empirical p erformance than the global minimizer) of

B C V ( h ) = n

− 1

h

− 1

R ( K ) + h

4

R (

^

f

′′

h

)

( ∫

x

2

K / 2

)

2

,

is denoted h

B C V

.

2.3. Second Generation Metho ds

None of the second generation bandwidth selection metho ds ha v e b een carefully

assessed in monographs other than W and and Jones (1994). There are man y

reasonably effectiv e selectors that ha v e b een prop osed. Here w e represen t the collection b y t w o differen t approac hes.

2.3.1. Solv e the Equation Plug In

There ha v e b een man y pap ers written on plug in ideas, going bac k at least to

W o o dro ofe (1970). The main idea is to plug an estimate of the unkno wn R ( f

′′

)

in to the represen tation for h

AM I S E

. A practical difficult y is the c hoice of the

bandwidth of the pilot estimate. The “solv e the equation” approac h to this w as

prop osed in Hall (1980) and Sheather (1983, 1986), and refined in a series of

pap ers, with the v ersion presen ted here dev elop ed in Sheather and Jones (1991).

The idea is to tak e h

S J P I to b e the solution of the fixed p oin t equation

h =

R ( K )

nR (

^

f

′′

g ( h )

) (

∫

x

2

K )

2

1 / 5

.

In addition to the differen t form of the quan tit y b eing optimized, a v ery im-

p ortan t difference b et w een this approac h and B C V is that the pilot bandwidth is

here written in the form g ( h ). This is b ecause bandwidths that are appropriate

for curv e estimation are quite differen t from those that are righ t for estimation of

R ( f

′′

). In fact when using the optimal bandwidth for estimation of f , the estimate

^

f

′′

is asymptotically inconsisten t for f

′′

, and R (

^

f

′′

) is only barely consisten t for

R ( f

′′

), with m uc h b etter p erformance a v ailable from b etter bandwidths, see Hall

and Marron (1987a) and Jones and Sheather (1991). W e b eliev e this is the main

reason that h

B C V giv es p erformance only in the “first generation” class.

A dra wbac k to using a b etter bandwidth for estimation of R ( f

′′

) is that then

this b etter bandwidth m ust b e c hosen. This is done b y finding an analog of h

AM I S E

for the problem of estimating R ( f

′′

) b y R (

^

f

′′

g

). In particular, the minimizer of the

Asymptotic Mean Squared Error for this problem has the form,

g

AM S E

= C

1

{ R ( f

′′′

) } C

2

( K ) n

− 1 / 7

for suitable functionals C

1 and C

2

. An expression for “ g in terms of h ” comes

from solving the represen tation of h

AM I S E for n and substituting, to get

g ( h ) = C

3

{ R ( f

′′

) , R ( f

′′′

) } C

4

( K ) h

5 / 7

,

for appropriate functionals C

3 and C

4

. The unkno wns R ( f

′′

) and R ( f

′′′

) are esti-

mated b y R (

^

f

′′

) and R (

^

f

′′′

), with bandwidths c hosen b y reference to a parametric

family , as for h

R O T

.

Again there are man y v ariations that ha v e b een prop osed and studied. One of these is to try to reduce the influence of the normal parametric family ev en further

b y using pilot k ernel estimates instead of the normal reference (with the higher

stage pilot bandwidths c hosen b y the normal reference metho d). The ob vious

hierarc h y of suc h metho ds has b een considered b y P ark and Marron (1992), who

sho w that there are gains, in terms of asymptotic rate of con v ergence, up to the

p oin t describ ed explicitly ab o v e, but none for higher order v ersions. Sim ulations

confirm this, and sho w that higher order pilot estimation en tails some cost in

terms of more v ariabilit y .

Jones, Marron and Sheather (1992) discuss some other v ariations. See Chiu

(1992) and Engel, Herrmann and Gasser (1994) for other plug in ideas whic h are

v ery successful.

2.3.2. Smo othed Bo otstrap

One approac h to this metho d is to consider the bandwidth whic h is a minimizer

of a smo othed b o otstrap appro ximation to the M I S E . Early v ersions of this w ere

prop osed b y T a ylor (1989) and F ara w a y and Jh un (1990). An in teresting feature of

this approac h is that, unlik e most b o otstrap applications, the M I S E in the “b o ot-

strap w orld” can b e calculated exactly , instead of requiring the usual sim ulation

step, whic h mak es it computationally as fast as other metho ds discussed here. In particular, follo wing straigh tforw ard calculations, e.g. as in Marron (1992), the

smo othed b o otstrap estimate of the M I S E has the form

B M I S E ( h ) = n

− 1

{

h

− 1

R ( K ) + R ( K

h

∗

^

f

g

)

}

+ R ( K

h

∗

^

f

g

−

^

f

g

)

where ∗ denotes con v olution. This is seen as a simple and app ealing estimate of

the M I S E , b y rewriting the latter in the form

M I S E ( h ) = n

− 1

{

h

− 1

R ( K ) + R ( K

h

∗ f )

}

+ R ( K

h

∗ f − f ) .

An attractiv e feature of this approac h is that it do es not w ork through the asymp-

totic AM I S E , but instead more directly targets M I S E itself. F or c hoice of the

pilot bandwidth g , there are a n um b er of approac hes that ha v e b een prop osed,

most in v olving stages of pilot estimation, and use of reference distributions at

some p oin t, in the same spirit as in the previous sections. See Jones, Marron and

Sheather (1992) for details, and references.

With some algebra, see Marron (1992), the smo othed b o otstrap approac h can

b e seen to b e nearly equiv alen t to some other approac hes, whic h ha v e differen t

motiv ations. These include the “double smo othing” idea that go es bac k at least to

M üller (1985), and also “smo othed cross-v alidation”, as prop osed b y Hall, Marron

and P ark (1992). Successful v ariations of this idea can b e found in Chiu (1992).

3. Comparisons

In this section, w e compare the v arious bandwidth selectors in three differen t w a ys.

One is through applying them to real data sets. The second is through asymptotic

analysis. The third is through sim ulation. Eac h of these has its ob vious dra wbac ks

and limitations, whic h is wh y it is imp erativ e to study all three.

3.1. Real Data Examples

An imp ortan t measure of the p erformance of an y statistical metho d is ho w w ell it

p erforms in practice. A n um b er of in teresting examples are presen ted in Sheather

(1992). The main lessons from these examples are reasonably w ell represen ted in a

new example presen ted here. Figure 1 sho ws k ernel densit y estimates constructed

using sev eral metho ds discussed ab o v e, for the v ariable “Lean Bo dy Mass” in

the Australian Institute of Sp orts data set in exercise 2.4 of Co ok and W eisb erg

(1994).

[put figure 1 ab out here]

Figure 1: Gaussian kernel density estimates showing the distribution

of n = 202 me asur ements of L e an Bo dy Mass fr om the A ustr alian

Institute of Sp ort data, using various data driven b andwidths. The

str ongest suggestion of bimo dality is given by h

S J P I

.

The densit y estimate using h

R O T is somewhat o v ersmo othed. There is some

suggestion of bimo dalit y , but it is w eak ened b y this bandwidth b eing to o large.

This problem is common, and is often m uc h w orse than this. The densit y esti-

mate based on the bandwidth h

LS C V is sev erely undersmo othed. There are man y

spurious bumps, whic h mak e it hard to understand the structure of the data.

The bandwidth h

B C V is more o v ersmo othed than h

R O T

, and the suggestion of

bimo dalit y is ev en w eak er. The densit y estimate based on h

S J P I sho ws a stronger

indication of bimo dal structure.

An imp ortan t issue is: are t w o mo des “really presen t”? Or are they just

artifacts of undersmo othing b y h

S J P I

? An answ er is a v ailable in the presen t case,

b y stratifying the p opulation according to sex. Figure 2 sho ws k ernel densit y

estimation for the subp opulations (v ertically scaled according to sample size, so

the sum of the t w o is the densit y estimate for the whole p opulation), using the

same bandwidth. This mak es it clear that the t w o mo des are imp ortan t features

of the p opulation.

[put figure 2 ab out here]

Figure 2: Density estimates, using h

S J P I

(for ful l p opulation), b ase d

on subp opulations of n = 102 females and n = 100 males. This verifies

that the bimo dal structur e in Figur e 1d was an imp ortant fe atur e of the

data worth de ep er investigation.

The examples in Sheather (1992) and Jones, Marron, and Sheather (1992)

similarly rev eal that h

R O T is to o often seriously o v ersmo othed (missing imp ortan t

features), h

LS C V is to o v ariable (esp ecially in the direction of undersmo othing), i.e.

unreliable, and h

B C V also has a tendency to o v ersmo oth (and has some instabilit y

problems as w ell). These examples mak e it clear that first generation metho ds

are not appropriate for widespread use. On the other hand h

S J P I is a consisten t

and stable p erformer that is ready for use as the default in soft w are pac k ages.

The Smo othed Bo otstrap is not considered here b ecause in the sim ulations

b elo w it had similar, but sligh tly w orse, p erformance than h

S J P I

.

3.2. Asymptotic Analysis

Asymptotic analysis, as the sample size n → ∞ , has pro v ed to b e a useful to ol

in understanding the p erformance of data based bandwidth selectors. Often it

is useful in distinguishing b et w een “first generation” and “second generation”

bandwidth selectors. This is not alw a ys true, and indeed some selectors, e.g. those

prop osed in Hall, Sheather, Jones and Marron (1991) and P ark, Kim and Marron

(1994), ha v e excellen t asymptotics, but v ery p o or p erformance for real data sets

and in sim ulation studies. The problem app ears to b e that for some metho ds, the

asymptotics do not “come in to effect” for reasonable sample sizes. This is wh y it

is so imp ortan t to lo ok more deeply in comparing bandwidth selectors.

Ho w ev er for man y bandwidth selectors of b oth generations, the asymptotic

lessons do kic k in at mo derate sample sizes, and complemen t the lessons learned

from other viewp oin ts quite w ell. In particular, for a data driv en bandwidth

selector

^

h , it is often useful to study the asymptotic b eha vior of the random

v ariable

^

h − h

M I S E

h

M I S E

,

(relativ e error is appropriate, since reasonable bandwidths tend to 0 as the sample

size gro ws) under appropriate tec hnical assumptions. This quan tit y is not of a

priori in terest, for bandwidth selection, but as discussed for example in P ark and

Marron (1990), this measure of p erformance is the driving force b ehind more

in teresting measures of error, suc h as

M I S E (

^

h ) − M I S E ( h

M I S E

) .

Another alternativ e w ould b e to study asymptotics based on the I S E =

∫

(

^

f

h

− f )

2

, but as noted in Grund, Hall and Marron (1994), there is not an imp ortan t practical

difference b et w een this and M I S E for assessing the p erformance of bandwidth

selectors.

F ollo wing the classical notion of “consistency”, one migh t first ask that a data

driv en bandwidth satisfies

^

h − h

M I S E

h

M I S E

→ 0 .

This is true for most bandwidth selectors of b oth generations, with the imp or-

tan t exception that it do es not hold (in general) for h

R O T

, or the o v ersmo othed

bandwidths.

The main distinction b et w een first and second generation bandwidths is in the

rate of con v ergence. F or most metho ds, see Jones, Marron and Sheather (1992)

for references and detailed discussion,

^

h − h

M I S E

h

M I S E

∼ n

− p

,

for some p o w er p , in the sense that when m ultiplied b y n p

the ratio has a limiting

Normal distribution. Most first generation metho ds, including h

LS C V

, and h

B C V

,

suffer from the excruciatingly slo w rate of p =

1

10

. T o dramatize ho w slo w this

is, it is in teresting to ask ho w large n should b e to giv e n

− 1 / 10

= 0 . 1: Note this requires n = 10 , 000 , 000 , 000. On the other hand, second generation metho ds

enjo y m uc h faster rates of con v ergence. F or example, for b oth h

S J P I and for

analogous v ersions of the smo othed b o otstrap, p = 5 / 14 ≈ 0 . 36.

A v ariet y of other rates are a v ailable for v arious second generation bandwidth

selectors, with some as fast as p =

1

2

. This rate is kno wn to b e the b est p ossible,

and ev en the b est constan t is kno wn to o. In terested readers are referred to Jones,

Marron and Sheather (1992), but these p oin ts are not discussed in detail here,

since man y of these asymptotics do not ha v e an imp ortan t practical effect in the

sim ulations for reasonable sample sizes.

3.3. Sim ulations

A ma jor sim ulation study has b een p erformed, using the 15 normal mixture den-

sities of Marron and W and (1992), for sample sizes n = 100, 1000. Again to a v oid

confusing the main issues, w e giv e here only a summary of the results, and the

in terested reader is referred to Jones, Marron and Sheather (1992).

An imp ortan t concept to our results is that some of the target densities are

“easy to estimate”, meaning that there is enough information presen t in the data

to reco v er most of the features of the target. Others in this set are “hard to

estimate” in the sense that the densit y con tains features (e.g. thin spik es) that can not b e reco v ered from the sample sizes considered.

The shap e of the distribution of the random bandwidths w as imp ortan t in

determining p erformance, in particular the mean and the v ariance. The main

results w ere these:

1. The distribution for h

R O T had a mean that w as usually unacceptably large

(since this metho d is not unlik e the o v ersmo other, whic h is usually to o large).

Ho w ev er its v ariance w as usually m uc h smaller than for the other metho ds

(not surprising b ecause its randomness comes only from the scale estimate).

2. The distribution for h

LS C V w as “cen tered correctly”, i.e. had a mean near

h

M I S E

, but w as unacceptably spread out, i.e. had to o large a v ariance rela-

tiv e to other metho ds. This spreading w as particularly bad in the direction

of undersmo othing.

3. The distribution for h

B C V is harder to c haracterize, b ecause of erratic p er-

formance. It generally suffers from b eing quite v ariable, although usually

not so v ariable as h

LS C V

. F or n = 100, its mean is consisten tly unacceptably

large. F or n = 1000, its mean b eha vior is less predictable, sometimes b eing

w a y to o large, and sometimes b eing quite close to h

M I S E

.

4. The b eha vior of h

S J P I can b e view ed as a useful compromise b et w een that of h

R O T and h

LS C V

. F or easy to estimate densities, its distribution tends to

b e cen tered near h

M I S E but it has m uc h less spread than h

LS C V

. F or harder

to estimate densities, the h

S J P I distribution is cen tered at larger v alues, but

still m uc h smaller than h

R O T

. Ho w ev er, despite this “bias”, it is still usually

sup erior to h

LS C V b ecause its distribution is m uc h less v ariable.

5. The b eha vior of the smo othed b o otstrap bandwidths w as t ypically fairly

close to that of h

S J P I

. A consisten t difference w as that the smo othed b o ot-

strap v alues tended to b e consisten tly sligh tly bigger. This indicates that

while the non-asymptotic goal implicit in the smo othed b o otstrap approac h

ma y b e more app ealing, b etter practical p erformance seems to come from

attempting to estimate the AM I S E than the M I S E .

These same general lessons agree with the sim ulation studies of P ark and

T urlac h (1992) and Cao, Cuev as and Gonzales-Man tiega (1994), although those

studies only consider “easy to estimate” densities.

The trade off b et w een “bias” and “v ariance” in the bandwidth distributions

seems to b e an in trinsic part of the p erformance of data based bandwidth selectors.

Less bias seems to en tail more v ariance ( h

LS C V is an extreme case of this), and at

some cost in bias, m uc h less v ariance can b e obtained ( h

R O T is the extreme here).

W e b eliev e a theory ma y b e a v ailable to the effect that for a giv en amoun t of bias,

there is a minimal v ariance p ossible. Most of the metho ds discussed here are lik ely

to b e close to optimal in their ranges (and a n um b er of metho ds not discussed here

are clearly not). What seems to mak e the second generation bandwidth selectors

so effectiv e is that they pro vide a sensible trade off of this bias and v ariance.

References

[1] Bo wman, A.W. (1984), “An alternativ e metho d of cross-v alidation for the

smo othing of densit y estimates,” Biometrika, 71, 353-360.

[2] Cao, R., Cuev as, A. and Gonz´ alez-Man teiga, W. (1994), “A comparativ e

study of sev eral smo othing metho ds in densit y estimation,”. Computational

Statistics and Data A nalysis, 17, 153-176.

[3] Chiu, S.-T. (1992), “An automatic bandwidth selector for k ernel densit y es-

timate,” Biometrika, 79, 177-182.

[4] Co ok, R. D. and W eissb erg, S. (1994), A n intr o duction to r e gr ession gr aphics ,

New Y ork: Wiley .

[5] Deheuv els, P . (1977), “Estimation non param étrique de la densit é par his-

togrammes g ´ en éralis és,” R evue Statistique Applique, 25, 45-42.

[6] Engel, J., Herrmann, E. and Gasser, T. (1994), “An iterativ e bandwidth

selector for k ernel estimation of densities and their deriv ativ es,” Journal of

Nonp ar ametric Statistics, 4, 21-34.

[7] Eubank, R. L. (1988), Spline smo othing and nonp ar ametric r e gr ession , New

Y ork: Dekk er.

[8] F ara w a y , J.J. and Jh un, M. (1990), “Bo otstrap c hoice of bandwidth for den-

sit y estimation,” Journal of the A meric an Statistic al Asso ciation, 85, 1119-

1122.

[9] Gasser, T., Kneip, A. and K¨ ohler, W. (1991), “A fast and flexible metho d

for automatic smo othing,” Journal of the A meric an Statistic al Asso ciation ,

86, 643-652.

[10] Grund, B., Hall, P . and Marron, J. S. (1994), “Loss and risk in smo othing

parameter selection,” Journal of Nonp ar ametric Statistics, 4, 107-132.

[11] H¨ ardle, W. (1990), Applie d nonp ar ametric r e gr ession , Cam bridge: Cam bridge

Univ ersit y Press.

[12] Hall, P . (1980), “Ob jectiv e metho ds for the estimation of windo w size in the

nonparametric estimation of a densit y ,” Unpublished man uscript.

[13] Hall, P . and Marron, J.S. (1987a), “ Estimation of in tegrated squared densit y

deriv ativ es,” Statistics and Pr ob ability L etters, 6, 109-115.

[14] Hall, P . and Marron, J.S. (1987b), “Exten t to whic h least-squares cross-

v alidation minimises in tegrated square error in nonparametric densit y esti-

mation,” Pr ob ability The ory and R elate d Fields, 74, 567-581.

[15] Hall, P . and Marron, J.S. (1987c), “On the amoun t of noise inheren t in band-

width selection for a k ernel densit y estimator,” A nnals of Statistics, 15, 163-

181.

[16] Hall, P . and Marron, J.S. (1991a), “Lo cal minima in cross-v alidation func-

tions,” Journal of the R oyal Statistic al So ciety, Series B, 53, 245-252.

[17] Hall, P . and Marron, J.S. (1991b), “Lo w er b ounds for bandwidth selection in

densit y estimation,” Pr ob ability The ory R elate d Fields, 90, 149-173.

[18] Hall, P ., Marron, J.S. and P ark, B.-U. (1992), “Smo othed cross-v alidation,”

Pr ob ability The ory and R elate d Fields, 92, 1-20.

[19] Hall, P ., Sheather, S. J., Jones, M. C. and Marron, J. S. (1991), “On optimal

data-based bandwidth selection in k ernel densit y estimation,” Biometrika,

78, 263-269.

[20] Janssen, P ., Marron, J.S., V era v erb ek e, N. and Sarle, W. (1995), “Scale mea-

sures for bandwidth selection,” to app ear in Journal of Nonp ar ametric Statis-

tics .

[21] Jones, M. C., Marron, J. S. and Sheather, S. J. (1992), “Progress in data

based bandwidth selection for k ernel densit y estimation,” Under considera-

tion.

[22] Jones, M.C. and Sheather, S.J. (1991), “Using non-sto c hastic terms to ad-

v an tage in estimating in tegrated squared densit y deriv ativ es,” Statistics and

Pr ob ability L etters, 11, 511-514.

[23] Marron, J.S. (1989), “Automatic smo othing parameter selection: a surv ey ,”

Empiric al Ec onomics, 13, 187-208.

[24] Marron, J.S. (1992), “Bo otstrap bandwidth selection,” In Exploring the limits

of b o otstr ap (R. LeP age and L. Billard, eds) 249-262, New Y ork: Wiley .

[25] Marron, J. S. and Tsybak o v, A. B. (1995), “Visual error criteria for qualita-

tiv e smo othing,” Journal of the A meric an Statistic al Asso ciation to app ear.

[26] Marron, J.S. and W and, M.P . (1992), “Exact mean in tegrated squared error,”

A nnals of Statistics, 20, 712-736.

[27] M üller, H. G. (1985), “Empirical bandwidths c hoice for nonparametric k ernel

regression b y means of pilot estimators,” Statistics and De cisions , Supp. Issue

2, 193-206.

[28] M üller, H. G. (1988), Nonp ar ametric r e gr ession analysis of longitudinal data ,

Berlin: Springer.

[29] P ark, B. U., Kim, W. C. and Marron, J. S. (1994), “Asymptotically b est

bandwidth selectors in k ernel densit y estimation,” Statistics and Pr ob ability

L etters, 19, 119-127.

[30] P ark, B.-U. and Marron, J.S. (1990), “Comparison of data-driv en bandwidth

selectors,” Journal of the A meric an Statistic al Asso ciation, 85, 66-72.

[31] P ark, B.-U. and T urlac h, B.A. (1992), “Practical p erformance of sev eral data

driv en bandwidth selectors (with discussion),” Computational Statistics, 7,

251-285.

[32] Rudemo, M. (1982), “Empirical c hoice of histograms and k ernel densit y es-

timators,” Sc andanavian Journal of Statistics, 9, 65-78.

[33] Rupp ert, D., Sheather, S.J. and W and, M.P . (1995), “An effectiv e bandwidth

selector for lo cal least squares regression,” Journal of the A meric an Statistic al

Asso ciation , to app ear.

[34] Scott, D. W. (1992), Multivariate density estimation; the ory, pr actic e, and

visualization , New Y ork: Wiley .

[35] Scott, D.W. and T errell, G.R. (1987), “Biased and un biased cross-v alidation

in densit y estimation,” Journal of the A meric an Statististic al Asso ciation, 82,

1131-1146.

[36] Sheather, S.J. (1983), “A data-based algorithm for c ho osing the windo w

width when estimating the densit y at a p oin t,” Computational Statistics and

Data A nalysis, 1, 229-238.

[37] Sheather, S.J. (1986), “An impro v ed data-based algorithm for c ho osing the

windo w width when estimating the densit y at a p oin t,” Computational Statis-

tics and Data A nalysis, 4, 61-65.

[38] Sheather, S.J. (1992), “The p erformance of six p opular bandwidth selection

metho ds on some real data sets (with discussion),” Computational Statistics,

7, 225-250.

[39] Sheather, S.J. and Jones, M.C. (1991), “A reliable data-based bandwidth se-

lection metho d for k ernel densit y estimation,” Journal of the R oyal Statistic al

So ciety, Series B 53, 683-690.

[40] Silv erman, B.W. (1986), Density Estimation for Statistics and Data A nalysis .

London: Chapman and Hall.

[41] T a ylor, C.C. (1989), “Bo otstrap c hoice of the smo othing parameter in k ernel

densit y estimation. Biometrika, 76, 705-712.

[42] T errell, G.R. (1990), “The maximal smo othing principle in densit y estima-

tion. Journal of the A meric an Statistic al Asso ciation, 85, 470-477.

[43] T errell, G.R. and Scott, D.W. (1985), “Ov ersmo othed nonparametric densit y

estimates. Journal of the A meric an Statistic al Asso ciation, 80, 209-214.

[44] W ah ba, G. (1990), Spline mo dels for observational data , Philadelphia: SIAM.

[45] W and, M. P . and Jones, M. C. (1994), Kernel smo othing , London: Chapman

and Hall.

[46] W o o dro ofe, M. (1970), “On c ho osing a delta-sequence,” A nnals of Mathe-

matic al Statistics, 41, 1665-1671.