Rejoinder

J. S. Marron

Departmen t of Statistics, Univ ersit y of North Carolina, Chap el

Hill, NC 27599-3260, USA

1 Commen ts on “the debate”

Man y p eople are a w are of some substan tial recen t con tro v ersy in smo othing.

The curren t discussion is partly a consequence of this. I ha v e observ ed a

n um b er of differing ideas as to “what the debate is all ab out”. Of these

v arious ideas, I view the main ones as b eing:

I1 Should one use lo cal p olynomial (degree higher than 0) or lo cal constan t

(i.e. con v en tional k ernel metho ds) smo others?

I2 Should one c ho ose “smo othing windo ws” using the same width ev ery-

where, or a width based on nearest neigh b or considerations?

I3 Is LO(W)ESS the b est p ossible w a y to do smo othing?

I4 Is mathematical analysis a useful to ol in statistics?

I5 Are there effectiv e metho ds of c ho osing the bandwidth from the data?

Are these go o d enough to b ecome defaults in soft w are pac k ages?

Here are some p ersonal commen ts on eac h of these:

1.1 Kernels vs. lo cal p olynomials

There is less disagreemen t here than some p eople seem to exp ect. My p er-

sonal curren t default, e.g. what I use when faced with a new data set to

smo oth, is the lo cal linear. This c hoice is based on its excellen t handling of

b oundary problems and random design issues, as made clear in a n um b er of

w a ys b y sev eral authors.

Ho w ev er, I understand and resp ect those who select an y of lo cal constan t,

quadratic or cubic (eac h has its reasons for b eing used, and situations where

it is “b est”). Since lo cal constan t is the one that seems to b e a fa v orite target,

I will commen t further on that.

While it has some serious w eaknesses (whic h is wh y I curren tly don’t

use it m yself as a general rule), there are also situations where its use is

appropriate, and ev en “b est”. In particular, when there is an equally spaced

design, and b oundary issues are not imp ortan t (e.g. a “circular design”, or

the regression is flat at the b oundaries, or b oundaries are not relev an t to the

problem b eing addressed), then suc h an estimator can b e “b est” in terms of:

simplicit y , in terms of in terpretabilit y (i.e. “what is it doing to the data”),

and in terms of b eing “close to the true regression” (e.g. will ha v e the b est

p erformance in a sim ulation, or b est theoretical prop erties).

Another con text in whic h suc h estimators are sensible is when doing math-

ematical analysis. This is b ecause simple mo ving a v erages are v ery tractable

to analyze, with the b enefit that one can analyze more deeply (e.g. tac kle

harder problems). A first class analysis w ould go on to sho w that the lessons

learned hold also for the more useful higher degree lo cal p olynomials. But in

man y con texts it is sensible to first lo ok at the simplest case: degree 0, and

in some instances suc h w ork b y itself w ould b e publishable in m y view.

1.2 Width of smo othing windo ws

Actually there are at least three general classes of ideas here:

1. fixed width,

2. nearest neigh b ors,

3. lo cation adaptiv e bandwidths that use more of the data than simply

the design.

Eac h of these has its strengths, its w eaknesses, and its adv o cates.

The app eal of the fixed width approac h comes from its simplicit y and

in terpretabilit y . Its w eaknesses are that some data sets can sho w structure

at differen t amoun ts of smo othing (usually in differen t lo cations), and it can

b eha v e erratically (ev en to the p oin t of n umerical instabilit y) in regions where

the data are sparse.

I view nearest neigh b or metho ds as a quic k and dirt y fix to the data

sparsit y problem. Ho w ev er, they are v ery w eak in terms of in terpretabilit y

(just ho w do es the resulting curv e relate to the data?), and adapt only to

the design (the X ’s, not the Y ’s) , while ignoring other reasons for v arying

the amoun t of smo othing, suc h as curv ature in the regression function and

heteroscedasticit y . This p oin t is discussed b y Hall and T urlac h, and made

quite clear in section 2.2 of the discussion of Sheather, W and, Smith and

Kohn, where the nearest neigh b or based metho d LO(W)ESS has difficulties

b ecause it ignores curv ature in the regression function.

Higher tec h metho ds of lo cation adaptiv e smo othing ha v e more p oten-

tial for “getting the amoun t of smo othing righ t”, than either of the others.

The example in section 2.4 of the discussion of Sheather, W and, Smith and

Kohn mak es this p oin t v ery clear. This has motiv ated useful researc h on this

topic (and I am in v olv ed in this). Ho w ev er, higher tec h metho ds ha v e their

attendan t costs. The ob vious costs are in terms of complexit y , and in ter-

pretabilit y . A less w ell understo o d dra wbac k is the ease with whic h spurious

features can b e in tro duced, and imp ortan t ones b e eliminated. See Marron

and Udina (1995) for discussion of this issue, and an en vironmen t whic h al-

lo ws user c hoice of a lo cation adaptiv e bandwidth function in k ernel densit y

estimation.

When I analyze data, I place a v ery high priorit y on in terpretabilit y , so

m y p ersonal default metho d is a fixed width approac h.

An y problems with data sparsit y are readily apparen t when one tries

sev eral bandwidths. When the sparsit y is so sev ere it causes n umerical prob-

lems, m y curren t p ersonal preference is for a simple ridge regression approac h,

whic h can often w ork w ell for surprisingly small ridge v alues, see Hall and

Marron (1995), Ho w ev er, I plan to rethink this in view of the ideas in the

con tribution of Gasser and Seifert and the discussion of Hall and T urlac h.

In m y view, the problem of differen t imp ortan t features b eing visible at

differen t smo othing lev els is more imp ortan t than data sparsit y . I do not

b eliev e that an y lo cation adaptiv e metho d will b e able to completely replace

the data analyst who lo oks in teractiv ely at differen t amoun ts of smo othing.

Ho w ev er, insigh ts gained from this pro cess are also a v ailable from the “family

approac h” discussed in Marron (1995a). The main idea is to presen t a “one

plot summary”, whic h sho ws differen t smo othing lev els, through o v erla ying

smo others with sev eral bandwidths. Nearest neigh b or metho ds are hop eless

in this con text as “con tin uit y in the smo othing direction” is crucial to gaining

visual insigh t.

While I do not b eliev e that go o d lo cation adaptiv e metho ds ha v e m uc h

future in exploratory data analysis, I consider them w orth more researc h,

for the goal of displa y of final conclusions. An imp ortan t op en problem in

this area is to find a device to sho w that the bandwidth function used is not

hiding imp ortan t features or highligh ting spurious ones.

1.3 Is LO(W)ESS b est?

LO(W)ESS includes a n um b er of really excellen t ideas, man y of whic h w ere

implemen ted w ell b efore man y “exp erts in smo othing” ev en understo o d the

issues. These ideas include lo cal p olynomials instead of lo cal constan ts, really

clev er computational approac hes, and adding robustness in smo othing. F or

these reasons, LO(W)ESS is recommended in the p opular soft w are pac k age

S, and its v arian t Splus. This has resulted in this metho d b eing v ery broadly

used for effectiv e data analysis.

Ho w ev er, the fact that this is a useful metho d do es not imply that it is

the only useful metho d, or that it is the b est metho d. As noted in m y origi-

nal con tribution, there are man y other effectiv e approac hes to data analysis

b y smo othing (M1 - M6). F urthermore, there are man y differen t criteria b y

whic h smo others can b e judged (F1 - F12, including those of Thomas-Agnan).

A commonly agreed up on answ er to this question is imp ossible, b ecause dif-

feren t p eople w eigh t these criteria differen tly (all with go o d reason).

A more imp ortan t issue is that I ha v e (and hop e others will gain) resp ect

for:

1. the man y clev er ideas that w en t in to LO(W)ESS, man y of whic h w ere

far ahead of their time.

2. the idea that man y differen t viewp oin ts on ho w to c ho ose a smo other

are allo w able, acceptable and rational.

1.4 Mathematics in statistics

Clev eland and Loader tak e issue with the use of mathematical metho ds in

curv e estimation. Their basic premise seems to b e that “there are a lot of not

v ery informativ e pap ers out there”. I agree with this, but am not willing to

accept a blank et condemnation of the usefulness of mathematical approac hes

to understanding smo othing. As noted in section 4 of m y original con tribu-

tion mathematics has pla y ed, and will con tin ue to pla y an imp ortan t role in

metho dological statistics. Moreo v er, the abilit y to bring to b ear an arra y of

metho ds (including real data examples, mathematics and sim ulation) is b e-

coming increasingly imp ortan t as w e tac kle harder and harder metho dological

problems.

1.5 Do es bandwidth selection “w ork”?

In m y original con tribution it w as made quite clear, from all of the imp ortan t

viewp oin ts of real data examples, asymptotic analysis, and sim ulations, that

“mo dern” bandwidth selection metho ds do w ork quite w ell. As detailed in

the sp ecific commen ts section b elo w, I tak e issue with Clev eland and Loader

on this p oin t, and sev eral v arian ts of it.

In fact, mo dern bandwidth selection is at a p oin t that it is w orth imple-

men ting as the default in soft w are pac k ages. This w ould b e m uc h more useful

than an arbitrary c hoice based on exp erience with a few examples.

The issue of defaults for smo othing parameters is an imp ortan t one.

Clev eland and Loader con v ey the impression that it do esn’t matter so m uc h,

b ecause a prop er analysis will in v olv e lo oking at sev eral bandwidths. While

I agree with the latter in an abstract theoretical sense (e.g. I alw a ys try sev-

eral m yself, despite that fact that a mo dern bandwidth selection metho d will b e effectiv e), I find it con trary to m uc h of the actual practice of smo othing.

I ha v e attended man y public talks b y , and ha v e had m uc h priv ate discus-

sion with, p eople who ha v e used smo othing. A large prop ortion of these

use LO WESS b ecause of its strong recommendation in S. When I ask what

smo othing parameter they use, a to o common answ er is “the default in S”.

While it is easy (and theoretically correct) to sa y “they shouldn’t do that”,

I submit that soft w are dev elop ers should tak e in to accoun t ho w users c ho ose

to use their pro duct, as opp osed to attempting to dictate ho w it should b e

used. F rom this p oin t of view, the use of mo dern data based metho ds as

defaults w ould mak e smo othing a m uc h more useful to ol for the v ery large

n um b er of non-exp ert user who do not c ho ose to (or think they ha v e no time

to) try out sev eral bandwidths.

An in teresting approac h to the problem of users attac hing to o m uc h sig-

nificance to defaults is implemen ted in the Soft w are pac k age R-co de discussed

in Co ok and W eisb erg (1994). In this pac k age the bandwidth is con trolled

b y a slide bar, whic h is manipulated b y a mouse. This is not a new idea, but

the clev er con tribution is that there is no initial default smo oth presen ted.

T o get a smo oth, the user m ust start mo ving the bandwidth slider. This is

useful b ecause then the user automatically scans through sev eral bandwidths

immediately , and sees ho w imp ortan t it is to try sev eral v alues of this param-

eter. With this user in terface, problems with the user thinking “the default

is go o d enough for me” are a v oided.

2 Sp ecific Commen ts

Here are some additional commen ts on the original pap ers and the resulting

discussion

2.1 Clev eland and Loader

These authors are to b e congratulated: some excellen t con tributions are made

here.

My fa v orite among these is the fascinating historical discussion in Section

2. The lev el of sc holarly w ork done in this section, with detailed atten tion

to early references of whic h I (and surely man y others) had b een una w are,

is truly outstanding. This is an imp ortan t con tribution that deserv es to b e

frequen tly referenced.

Another imp ortan t con tribution is the in teresting and con vincing data

analysis. This w ell written section mak es it clear that the metho ds adv o cated

b y the authors can b e effectiv e to ols for data analysis. It sho ws that in the

hands of an exp ert, who has a lot of time to dev ote to the problem, metho ds

that I p ersonally find less in tuitiv e and easy to w ork with, suc h as those

based on nearest neigh b ors, and higher degree lo cal p olynomials, can giv e

go o d results. Ho w ev er, I ha v e not y et b een con vinced of ho w these to ols will w ork in the hands of a user with less exp ertise, and less time to dev ote to

the pro ject.

Section 10.1 is also v ery useful. It is a simple and elegan t mathematical

w a y of seeing wh y lo cal p olynomials are b etter than lo cal constan ts.

I wish to tak e issue with some of the other asp ects of the pap er.

Fix and Ho dges (1951) (a preprin t that w as finally published as Fix and

Ho dges (1989)!), and Ak aik e (1954) predate the famous w ork of Rosen blatt

and P arzen as the origins of the “mo dern view of densit y estimation” dis-

cussed at the b eginning of Section 2.2.

The remarks in section 5 are generally correct, but other preferences for

c hoice of k ernel function are reasonable as w ell. My p ersonal preference

is for the Gaussian, b ecause it giv es v ery smo oth pictures (smo other than

piecewise p olynomials with three deriv ativ es, suc h as the tricub e, as noted in

Marron and Nolan (1989)). It also has some useful “con tin uit y in smo othness

prop erties” when the bandwidth c hanges. F or example this seems to b e the

only k ernel where the n um b er of bumps in the smo oth is a monotone function

of the bandwidth, see Silv erman (1981), and the k ernel with the nicest “mo de

tree” whic h pro vides another w a y of understanding ho w smo oth the Gaussian

k ernel is, see Minnotte and Scott (1993). Clev eland and Loader’s ob jection

to the Gaussian on sp eed grounds is not imp ortan t when a fast “binned

implemen tation” is used, for example as describ ed in F an and Marron (1994).

The examples in Section 8.2 w ere in teresting and informativ e, but not

con vincing. The main reason is doubts ab out Mean Squared Error (and its

man y v arian ts) as an error criterion. As noted in Marron and Tsybak o v

(1995), suc h error criteria to o often “feel asp ects of the problem” that are

quite differen t from those that are relev an t for data analysis. In m y view

it is more sensible to assess smo others from the viewp oin t of “ho w w ell do

they con v ey the imp ortan t lesson in the data?”, than from the viewp oin t of

“ho w close to the true curv e is the estimate in the sense of MSE?”. F rom

this viewp oin t, the v ery in terpretable global bandwidth smo other is more

attractiv e than suggested here. Another imp ortan t p oin t to k eep in mind is

that this t yp e of presen tation is necessarily anecdotal in nature, with lessons

dep ending on the example c hosen. Examples are useful for making p oin ts,

but in m y view it w ould ha v e b een more useful to sho w examples where b oth

w ere in turn b etter, th us illustrating the resp ectiv e strengths and w eaknesses

of eac h metho d. Clev eland and Loader’s examples together with those of

Sheather, W and, Smith and Kohn mak e a reasonable collection of this t yp e.

The last paragraph of Section 8.2 do esn’t sa y m uc h, other than the ob vious

“don’t tak e asymptotics to o literally”. It app ears in tended to suggest that

asymptotics are useless, but is not con vincing. It carries no more w eigh t than

an assertion that simple linear regression is useless on the basis of an example

with silly results from extrap olation far outside the range of the data.

Lejeune (1984, 1985) probably deserv es explicit men tion at the b eginning

of section 10.2.

The issue of when bias appro ximations w ork and when they don’t, dis-

cussed in the nin th paragraph of Section 10.2 is certainly an in teresting and

imp ortan t one. Ho w ev er the suggestion that mathematical statisticians are

una w are of this is incorrect. F or example, see Marron and W and (1992) and

Marron (1995b) for theoretical w ork and insigh ts on this issue.

The last paragraph of section 10.2 is not a fair represen tation of ho w

comp eten t mathematical statisticians w ork and think. Suc h w ork ers do not

dra w “sw eeping conclusions”, they rep ort what they find. Mathematical

results are of the form “if A, then B”. Accusations of this t yp e do not apply

as long as A is made clear, and discussed in a relev an t statistical ligh t. I

agree that the term “optimal” gets o v erused, and is often used for things

whic h don’t turn out as w ell as one migh t hop e. Ho w ev er, when the term

is used in a pap er ab out asymptotics, it is a short form of “asymptotically

optimal”. In this form, the ob jections of Clev eland and Loader do not apply .

In m y view, the most dissapp oin ting part of the pap er comes near the

b eginning of section 10.3, with the statemen t “m uc h effort has b een exp ended,

... with little regard for the p ossibilit y that the optimal bandwidth ma y b e

v ery inadequate”. As noted in Section 3 of m y original con tribution, there

has b een quite a lot of w ork (m uc h of it already published), on assessing ho w

bandwidth selectors actually w ork (as opp osed to merely their asymptotic

prop erties) in terms of b oth sim ulation and real data examples.

The criticisms of plug-in bandwidth selection metho ds in the third and

fourth paragraphs of Section 10.3 are w ell kno wn, and ha v e had an imp ortan t

effect on ho w the field has dev elop ed. It has b een in teresting to think ab out

wh y suc h metho ds w ork as w ell as they do when they are actually used, in

view of this t yp e of consideration. Some p ersonal though ts on precisely this

“parado x” are giv en in the app endix of m y original con tribution.

Clev eland and Loader’s attitude on bandwidth selection is m ystifying.

Through most of the pap er, they are pragmatic, with effectiv e data analysis

as their primary goal. Ho w ev er they div erge dramatically from this principle

at this p oin t in their discussion, and “sw eeping conclusions are dra wn solely

from asymptotics, ... without an y real justification”. Also the asymptotics

are not quite righ t, in that selection of a global bandwidth dep ends on things

more lik e the in tegral

∫

( f

′′

)

2

than lik e the second deriv ativ e f

′′

( x ) itself. The

asymptotics are differen t for estimation of the in tegral (e.g. estimators with

rate of con v ergence n

− 1 / 2

are a v ailable under strong enough assumptions for

the former, but not the latter). But this is a minor issue. The imp ortan t p oin t

is that there is a con vincing case for the effectiv eness of mo dern bandwidth

selectors . See Section 3 of m y original con tribution for references.

I agree with Clev eland and Loader’s p osition in Section 10.4, and ha v e

also not b een con vinced b y the suggestions that o dd order lo cal p olynomials

are “b etter”. Ho w ev er, I do not agree with the suggestion that this is an

example where asymptotics giv e the “wrong answ er”.

2.2 Gasser and Seifert

This is a go o d exp osition of ho w lo cal p olynomial metho ds w ork, includ-

ing imp ortan t n umerical issues. The analysis of data sparsit y is deep and

in teresting. The probabilit y of ha ving three p oin ts in some neigh b orho o d,

displa y ed in Figure 12, turns out to b e imp ortan t in the asymptotic analysis

of ridge regression done b y Hall and Marron (1995).

2.3 Hall and T urlac h

The alternativ e approac h to data sparsit y lo oks in teresting. I agree with the

addition of the factor F7, for the c hoice of the smo othing parameter, although

m y F1 - F6 w ere in tended for the c hoice of smo other, e.g. c hoice among M1

- M6.

2.4 Jones

I lik e the p oin t ab out man y go o d metho ds b eing rather similar in man y

cases. Muc h of the con tro v ersy has b een ab out only some of the cases that

one encoun ters. E.g. most smo others w ork quite w ell (and similarly) in the

imp ortan t and simple case of a fixed equally spaced design.

2.5 Kohn, Sheather, Smith and W and

This discussion pro vides some though t pro v oking examples. I also lik ed the

additional reasons giv en as to wh y mo dern bandwidth selection metho ds

should b e considered for implemen tation in soft w are pac k ages.

The p oin t of Figure 4 is a though t pro v oking one.

2.6 Thomas-Agnan

I agree with the addition of F8 - F12 to the list of factors that go in to the

c hoice of a smo other. I am not so sure ab out adding M7 and M8 to the list of

metho ds, on the grounds that I view M7 as essen tially the same as M4, and

M8 as a sp ecial case of M1. Ho w ev er, this is p ersonal, and there are certainly

other w a ys of classifying estimators.

Thomas-Agnan raises an in teresting p oin t ab out effectiv e k ernels and m y

factor F2. I agree that one can mak e a plot of the lar ge numb er of differ ent

effectiv e k ernels resulting from sa y a nearest neigh b or estimator (or man y

others as noted). But for what I call “less in terpretable metho ds”, there will

b e differen t effectiv e k ernels for eac h p oin t where the estimate is constructed.

Because it is hard to k eep all these differen t k ernel functions in m y mind, (note

the con trast to the single effectiv e k ernel for a fixed bandwidth metho d), it

is hard to understand what the estimator tells ab out the data. Ho w ev er, this

whole discussion underlines one of m y main p oin ts: there are man y differen t viewp oin ts on smo othing. F actors that are imp ortan t to some (e.g. F2 is

quite imp ortan t to me), are less imp ortan t to others.

The p oin ts on comparabilit y are w ell tak en. Comparisons with analogs in

n umerical analysis need to b e in terpreted with caution for t w o reasons. First

they tend to den y the presence of v ariance, whic h is crucial in statistical

smo othing. Second a “go o d smo oth” is m uc h harder to define in statistics.

I am not prepared to accept “the smo oth should b e as close as p ossible to

the true regression curv e” as a criterion, b ecause it is not alw a ys the same as

the more imp ortan t “the curv e should tell us as m uc h as p ossible ab out the

data”.

I am not sure that the imp ortance of F1 will recede in time, b ecause

no soft w are can mak e ev erything easily a v ailable. Choices ha v e to b e made

ab out what is easy , and what tak es more effort to use (e.g. men us can only

b e so long, and things that are on submen us are an ticipated to get less use).

The “en trop y” analogy is though t pro v oking.

3 Ac kno wledgemen t

The author is grateful to man y p eople for input on these issues. N. I. Fisher,

R. Kohn and M. P . W and ha v e made esp ecially man y helpful commen ts, and

sp en t substan tial time discussing these issues.

References

[1] Ak aik e, H. (1954) An appro ximation to the densit y function, A nnals of

the Institute of Statistic al Mathematics , 6, 127-132.

[2] Co ok, R. D. and W eisb erg, S. (1994) R e gr ession Gr aphics , Wiley , New

Y ork.

[3] Fix, E. and Ho dges, J. L. (1951) Discriminatory analysis - nonparametric

discrimination: consistency prop erties. R ep ort No. 4, Pr oje ct No. 21-29-

004 , USAF Sc ho ol of Aviation Medicine, Randolph Field, T exas.

[4] Fix, E. and Ho dges, J. L. (1989) Discriminatory analysis - nonparametric

discrimination: consistency prop erties, International Statistic al R eview ,

57, 238-247.

[5] F an. J. and Marron, J. S. (1994) F ast implemen tations of nonparametric

curv e estimators, Journal of Computational and Gr aphic al Statistics , 3 ,

35-56.

[6] Hall, P . and Marron, J. S. (1995) On the role of the ridge parameter in

lo cal linear smo othing, unpublished man uscript.

[7] Lejeune, M. (1984) Optimization in nonparametric regression, Comp-

stat 1984 (Pr o c e e dings in Computational Statistics) , eds. T Ha vranek,

Z. Sidak, and M. No v ak, Ph ysica V erlag, Vienna, 421-426.

[8] Lejeune, M. (1984) Estimation non-param étrique par no y aux: r égression

p olynomiale mobile, Revue de Statistiques Appliqu ées, 33, 43-67.

[9] Marron, J. S. (1995a) Presen tation of smo others: the family approac h,

unpublished man uscript.

[10] Marron, J. S. (1995b) Visual understanding of higher order k ernels, to

app ear in Journal of Computational and Gr aphic al Statistics .

[11] Marron, J. S. and Nolan, D. (1989) Canonical k ernels for densit y esti-

mation, Statistics and Pr ob ability L etters , 7, 195-199.

[12] Marron, J. S. and Udina, F. (1995) In teractiv e lo cal bandwidth c hoice,

unpublished man uscript.

[13] Marron, J. S. and W and, M. P . (1992) Exact mean in tegrated squared

error, A nnals of Statistics , 20, 712-736.

[14] Minnotte, M.C. and Scott, D. W. (1993). The Mo de T ree: A T o ol for

Visualization of Nonparametric Densit y F eatures, Computational and

Gr aphic al Statistics , 2, 51-68.

[15] Silv erman, B. W. (1981) Using k ernel estimates to in v estigate mo dalit y ,

Journal of the R oyal Statistic al So ciety, Series B , 43, 97-99.