A p ersonal view of smo othing and statistics

J. S. Marron

Departmen t of Statistics, Univ ersit y of North Carolina, Chap el

Hill, NC 27599-3260, USA

Summary

P ersonal views are offered on the foundations of smo othing metho ds in

statistics. Key p oin ts are that smo othing is a useful to ol in data analysis,

and that the field of data based smo othing parameter selection has matured

to the p oin t that effectiv e metho ds are ready for use as defaults in soft w are

pac k ages. A broader lesson a v ailable from the discussion is: a com bination

of computational metho ds and mathematical statistics is a p o w erful researc h

to ol.

Keyw ords: bandwidth selection, k ernel estimation, nonparametric curv e

estimation, smo othing

1 In tro duction

This pap er con tains some p ersonal views on smo othing and its role in statis-

tics. These views ha v e b een shap ed b y in teraction with man y p eople ha ving

v ery div erse opinions. These p eople are b oth activ e metho dological statisti-

cians, and also in terested non-statisticians. The statisticians include “main-

stream smo others”, but man y others as w ell. An imp ortan t comp onen t of

m y views comes from in v estigation of the fact that there are man y v ery di-

v ergen t, y et strongly held, opinions of “smo othing insiders” on issues suc h as

what is the “righ t” c hoice of smo othing metho d.

Section 2 con tains what I ha v e learned ab out c hoice of smo othing metho d.

Differen t p eople ha v e made, and will con tin ue to mak e, differen t c hoices.

The main p oin t is that the great ma jorit y of c hoices made are sensible, b e-

cause there are man y noncomparable factors in v olv ed in this c hoice. Div erse

p ersonal w eigh tings of these factors result in c hoices that are differen t, but

equally v alid when view ed from an o v erall p ersp ectiv e.

Section 3 discusses mo dern bandwidth selection. The main lesson is that

recen t researc h has resulted in metho ds that are quite effectiv e in finding “the righ t amoun t of smo othing”. They are far b etter than the curren t defaults

in most soft w are pac k ages, and in the case of k ernel densit y estimation are

ready for use in that role.

The discussion of researc h in bandwidth selection illustrates some imp or-

tan t ideas on metho dological statistics in general. In Section 4 it is suggested

that a com bination of mathematical and computational to ols pro vides a par-

ticularly p o w erful approac h.

A final p oin t is: “smo othing is a useful metho d of analyzing data”. Rea-

sons for not losing sigh t of this p oin t are giv en in Section 5.

2 Choice of smo othing metho d

A frequen t o ccurrence is that a scien tist consults a statistician (or a non-

smo othing statistician go es to a “smo other”) and sa ys “I ha v e heard ab out

this smo othing stuff and w ould lik e to try it, ho w do I do it?” A n um b er of

differen t answ ers could b e giv en dep ending largely up on whom is ask ed. The

recommended metho d could b e an y of:

M1 a k ernel - lo cal p olynomial metho d.

M2 a smo othing spline.

M3 a regression - B spline (m uc h differen t from b).

M4 a F ourier smo other.

M5 a w a v elet metho d.

M6 LO(W)ESS.

All of these metho ds ha v e their firm adheren ts, who enjo y esp ousing the

strengths of their p ersonal fa v orite. It is in teresting that the answ ers can

b e so differen t. Muc h p ersonal discussion with in v olv ed parties has yielded

the p ersonal conclusion that ev eryb o dy is righ t in their differen t c hoices.

This seemingly con tradictory statemen t is p ossible b ecause there are sev eral

nonc omp ar able factors in v olv ed. In particular, factors that go in to the c hoice

of smo other include:

F1 a v ailabilit y (is it “righ t there” in y our soft w are pac k age?).

F2 in terpretabilit y (what do es the smo oth tell us ab out the data?).

F3 statistical efficiency (ho w close is the smo oth to “the true curv e”?)

F4 quic k computabilit y .

F5 in tegrabilit y in to general framew orks (e.g. S/S+).

F6 ease of mathematical analysis.

All of the metho ds M1 - M6 listed ab o v e ha v e differing strengths and

w eaknesses in these div ergen t senses. None of these metho ds dominates an y

other in all of the senses F1 - F6. Since these factors are so differen t, almost

an y metho d can b e “b est”, simply b y an appropriate p ersonal w eigh ting of

the v arious factors in v olv ed. Claims of “wretc hed p erformance” are also v alid,

for an y of the ab o v e metho ds, when one adopts a suitably narro w viewp oin t.

This is not the place to giv e a complete listing of the relativ e strengths

and w eaknesses of M1 - M6, but I shall discuss one case in more detail. The

simplest p ossible naiv e fixed bandwidth lo cal constan t k ernel metho ds ha v e

met with substan tial criticism. This is justified, b ecause they are relativ ely

w eak with resp ect to F3. I susp ect that a con tributing factor to this criticism

is the p opularit y of suc h metho ds in the theoretical literature, m uc h of whic h

is due to strength in F6. But from a broader viewp oin t, this criticism do es not

pro vide sufficien t reason to rule out their use. In particular, these metho ds

are the b est (in m y opinion) at F2. Fixed bandwidth lo cal constan t k ernel

metho ds put the in terested analyst in closest p ossible in tuitiv e con tact with

the data, b ecause they are simple, understandable, lo cal a v erages. Note that

I am not adv o cating this estimator as the solution to all problems (in fact

it has its dra wbac ks as do es ev ery metho d, and there are situations where

other metho ds will b e m uc h more desirable), but instead am merely p oin ting

out it cannot b e dismissed out of hand.

While I appreciate and resp ect researc hers’ en th usiasm for their more

recen tly dev elop ed metho ds, I suggest a health y sk epticism b e emplo y ed with

resp ect to claims of solving all problems. Ev ery metho d has its shortcomings,

and it is imp ortan t to b e a w are of these b efore the metho d is used.

3 Data based bandwidth selection

The p erformance of all smo othing metho ds is crucially dep enden t on the

sp ecification of a smo othing parameter. This c hoice is a deep issue. While

man y things are kno wn ab out “optimal bandwidth selection”, they should

b e k ept in prop er p ersp ectiv e. There are t w o imp ortan t issues to k eep in

mind. One is that in some situations there is not a single c hoice whic h giv es

the data analyst all the information a v ailable in the data. The other is that

the classical mathematical definitions of “b est” can b e quite differen t from

“useful for data analysis”. See Marron and Tsybak o v (1995) for reasons

b ehind this, and some approac hes to addressing this problem..

F or these reasons the most useful metho d of c ho osing the amoun t of

smo othing is in teractiv e trial and error b y an exp erienced analyst. But this

has three imp ortan t w eaknesses.

• It is time consuming. Man y statisticians w ork under time pressure, and

are unable to carefully c ho ose a smo othing parameter for ev ery data set analyzed. Also man ual c hoice of smo othing parameter can b ecome v ery

tedious for some more complicated data sets, suc h as the income data

in P ark and Marron (1990)

• In teractiv e c hoice of smo othing parameter requires some lev el of ex-

p ertise. An inexp erienced user can miss imp ortan t features through

o v ersmo othing, and can misin terpret spurious structure as b eing some-

thing imp ortan t. Ev en exp erts are aided b y a useful starting p oin t.

• In teractiv e bandwidth c hoice is imp ossible when smo others are used

iterativ ely . This is essen tial to most dimensionalit y reduction metho ds,

including Pro jection Pursuit, Generalized Additiv e Mo delling, Alter-

nating Conditional Exp ectations, and Multiv ariate Additiv e Regression

Splines.

F or these reasons, the sub ject of data-based c hoice of smo othing param-

eters is an imp ortan t one.

Because simplicit y allo ws deep est in v estigation, most of the researc h in

that area has b een done in the con text of k ernel densit y estimation. The

starting p oin t has b een “first generation metho ds”, suc h as Rule Of Th um b

metho ds and v arious v ersions of cross-v alidation. These metho ds ha v e their

app eal, but also some serious dra wbac ks. The Rule Of Th um b do es not mak e

enough use of the data, and is often v ery inappropriate. Cross-v alidation

based metho ds are widely accepted as “to o noisy”, meaning they can p er-

form satisfactorily for some realizations, but they can b e either under or

o v er smo othed, just b y luc k of the dra w, dep ending on the data realization

(although undersmo othing is often a more serious problem).

Hence, there has b een substan tial effort dev oted to surmoun ting these

difficulties, whic h has b een v ery successful, resulting in “second generation

metho ds”. As noted in the review/sim ulation pap ers of P ark and T urlac h

(1992), Cao, Cuev as and Gonzales- Man teiga (1994), and Jones, Marron and

Sheather (1992, 1994), there are a n um b er of suc h metho ds a v ailable. The

evidence b ehind these claims is firmly ro oted in:

E1 Real data examples, see in particular Sheather (1992).

E2 Sim ulation studies.

E3 Mathematical analysis.

The whole of this evidence sho ws that second generation metho ds of band-

width selection in k ernel densit y estimation are ready for serious consideration

b y soft w are dev elop ers.

An aside of esoteric historic in terest ab out bandwidth selection is giv en

in the app endix.

4 Metho dological researc h in statistics

The evidence demonstrating the effectiv eness of second generation bandwidth

selection metho ds is comp elling b ecause it is based on real data examples,

on sim ulation, and on asymptotic analysis. All of these to ols ha v e their

strengths, and also their w eaknesses. Because no metho d tells the whole

story (and in more c hallenging situations the amoun t of the full story that

is told b y an y can b e w o efully small), sensible researc h should in v olv e an

effectiv e com bination of as man y of these as p ossible, esp ecially as more

c hallenging problems are encoun tered.

While this p oin t ma y seem ob vious, not ev ery one agrees. I ha v e heard

extreme viewp oin ts expressed on b oth sides of an “asymptotics vs. compu-

tation gap”. If statistics b ecomes p olarized in this w a y , the en tire discipline

will b e hobbled. Strength in the field will come from prop er recognition of,

and resp ect for, w ork of a wide v ariet y of t yp es.

5 Imp ortance of smo othing in statistics

F rom sp eaking with man y statisticians, I ha v e found a significan t n um b er who

could b enefit from the use of smo othing metho ds, but are not doing so no w. I

am concerned that debates ab out c hoice of smo othing metho d could obscure

the main p oin t that “smo othing is a useful metho d of analyzing data”, as

has b een made clear for example in man y b o oks, including Clev eland (1985,

1993), Eubank (1988), Green and Silv erman (1994), H¨ ardle (1991), Hastie

and Tibshirani (1990), M üller (1988), Scott (1992), Silv erman (1986) and

W ah ba (1991).

If smo othing insiders argue to o v ehemen tly among themselv es o v er minor

tec hnical matters, then it is easy for outsiders to lose sigh t of the ma jor

issues. W orse, some will dev elop false conceptions suc h as “if the exp erts

argue so bitterly , then it m ust not b e kno wn ho w to use these metho ds

effectiv ely”. In m y opinion, the field of robustness has suffered from bic k ering

o v er minor issues, thereb y creating suc h misconceptions among the broad

statistical comm unit y . I susp ect this is wh y robust metho ds ha v e b een slo w

to gain acceptance in the wider statistical comm unit y , as exemplified b y their

rather sparse app earance in soft w are pac k ages.

Again, the k ey idea here is that smo othing is a useful metho d of analyzing

data, and there are a n um b er of effectiv e w a ys to do it. While argumen ts

o v er exactly ho w to do it b ecome rather emotional at times, it is imp ortan t

that suc h debates remain in prop er con text.

6 Conclusion

Here are the main lessons that I hop e can b e carried a w a y from this article:

1. There are man y c hoices of p ossible smo othing metho ds, whic h are

not comparable, b ecause of differing relativ e strengths and w eaknesses.

Choice of smo other will alw a ys b e a p ersonal one, based on p ersonal

w eigh tings of these.

2. Real progress has b een made in data based bandwidth selection.

3. A com bination of mathematical and computational to ols pro vides a

p o w erful approac h to statistical problems.

4. Smo othing is an effectiv e metho d to analyze data.

7 Ac kno wledgemen t

This pap er w as supp orted b y NSF Gran t DMS-9203135. N. I. Fisher, R.

Kohn and M.P . W and pro vided helpful commen ts.

References

[1] Cao, R., Cuev as, A. and Gonz´ alez-Man teiga, W. (1994). A comparativ e

study of sev eral smo othing metho ds in densit y estimation. Comp. Statist.

Data A nal. 17 153-176.

[2] Clev eland, W. S. (1985) The elements of gr aphing data , W adsw orth,

Belmon t, California.

[3] Clev eland, W. S. (1993) Visualizing data , Hobart Press, Summit, New

Jersey .

[4] Eubank, R. L. (1988) Spline Smo othing and Nonp ar ametric R e gr ession ,

Dekk er, New Y ork.

[5] Green, P . and Silv erman, B. W. (1994) Nonp ar ametric R e gr ession and

gener alize d line ar mo dels, a r oughness p enalty appr o ach , Chapman and

Hall, London.

[6] H¨ ardle, W. (1991) Applie d Nonp ar ametric R e gr ession , Cam bridge Uni-

v ersit y Press, Boston.

[7] Hall, P . (1980) Ob jectiv e metho ds for the estimation of windo w size in

the nonparametric estimation of a densit y . Unpublished man uscript.

[8] Hall, P . and Marron, J. S. (1991b) Lo w er b ounds for bandwidth selection

in densit y estimation. Pr ob ab. The ory R elate d Fields 90 , 149-173.

[9] Hastie, T. J. and Tibshirani, R. J. (1990) Gener alize d additive mo dels ,

Chapman and Hall, London.

[10] Jones, M. C., Marron, J. S. and Sheather, S. J. (1992) Progress in data

based bandwidth selection for k ernel densit y estimation, submitted to

J. Nonp ar. Statist .

[11] Jones, M. C., Marron, J. S. and Sheather, S. J. (1994) A brief surv ey

of mo dern bandwidth selection metho ds, submitted to J. A mer. Statist.

Asso c.

[12] Marron, J.S., and Tsybak o v, A.B. (1995), “Visual Error Criteria for

Qualitativ e Smo othing,” Journal of the A meric an Statistic al Asso cia-

tion , 90, 499-507.

[13] Marron, J. S. and W and, M. P . (1992). Exact mean in tegrated squared

error, A nn. Statist. 20 , 712-736.

[14] M üller, H.-G. (1988) Nonparametric regression analysis of longitudinal

data. Springer V erlag, Berlin.

[15] P ark, B.-U. and Marron, J. S. (1990). Comparison of data-driv en band-

width selectors. J. A mer. Statist. Asso c. 85 66-72.

[16] P ark, B.-U. and T urlac h, B. A. (1992) Practical p erformance of sev eral

data driv en bandwidth selectors (with discussion). Comput. Statist. 7

251-285.

[17] Scott, D. W. and F actor, L. E. (1981) Mon te Carlo study of three data-

based nonparametric probabilit y densit y estimators. J. A mer. Statist.

Asso c. 76 9-15.

[18] Scott, D. W. and T errell, G. R. (1987) Biased and un biased cross-

v alidation in densit y estimation. J. A mer. Statist. Asso c. 82 1131-1146.

[19] Scott, D. W. (1992) Multiv ariate densit y estimation: theory , practice

and visualization. Wiley , New Y ork.

[20] Sheather, S. J. (1986). A data-based algorithm for c ho osing the windo w

width when estimating the densit y at a p oin t. Comput. Statist. Data

A nal. 1 229-238.

[21] Sheather, S. J. (1986). An impro v ed data-based algorithm for c ho os-

ing the windo w width when estimating the densit y at a p oin t. Comput.

Statist. Data A nal. 4 61-65.

[22] Sheather, S. J. (1992). The p erformance of six p opular bandwidth selec-

tion metho ds on some real data sets (with discussion). Comput. Statist.

7 , 225-250.

[23] Silv erman, B. W. (1986) Densit y estimation for statistics and data anal-

ysis, Chapman and Hall, New Y ork.

[24] W ah ba, G. (1990) Spline Mo dels for Observational Data , SIAM,

Philadelphia.

8 App endix: An historical aside

A p oin t of esoteric historical in terest is that the field of data based band-

width selection dev elop ed rather slo wly for a n um b er of y ears during the mid

80’s b ecause of the follo wing asymptotic reasoning. It is w ell kno wn that,

when smo others are b eha ving efficien tly (e.g. with resp ect to some norm),

their asymptotic rate of con v ergence is determined b y their “smo othness”.

Exactly ho w to quan tify this is a fascinating issue (whic h I shall address else-

where), but there do exist crude asymptotic surrogates, suc h as “n um b er of

deriv ativ es” and “rate of tail deca y of F ourier T ransform”. An in teresting

offsho ot of this theory is quan tification of the idea that the data con tain less

information ab out the deriv ativ e of a function, than ab out the function it-

self. This has serious implications already for “mo dern bandwidth selection”

metho ds, whic h dep end on trying to estimate deriv ativ es. Ho w ev er, there

are deep er conceptual problems. The curren t asymptotic analysis of mo dern

bandwidth selection metho ds assumes more “smo othness” than the under-

lying estimator is capable of using, so some is “left o v er”, and the resulting

estimator will b e asymptotically inefficien t (compared to e.g. a “higher or-

der k ernel” metho d, if one is willing to ignore the bandwidth problem there).

This idea held bac k researc hers for quite some time, with some exceptions, in-

cluding Hall (1980), Scott and F actor (1981) and Sheather (1983, 1985). But

the ice w as really brok en b y Scott and T errell (1987) who sho w ed one could

get practical impro v emen ts using deriv ativ e estimation based metho ds, o v er

Cross-V alidation. That pap er op ened a flo o d gate of impro v emen ts b y others

(man y of whic h w ork m uc h b etter than Scott and T errell’s BCV), see Jones,

Marron and Sheather (1992, 1994) for full details, discussion and references.

Ho w can the pro v en go o d p erformance of these metho ds b e reconciled with

the ab o v e philosophical problems? This is a deep and in teresting problem.

Here are three ten tativ e ideas on this topic.

The first, as noted in P ark and Marron (1990) and Hall and Marron (1991)

returns to ho w one “attac hes w eigh ts when c ho osing a smo other”, as discussed

in Section 2 ab o v e. Those who are willing to place more w eigh t on (F2) ma y

not b e concerned ab out squeezing out the last epsilon of efficiency (and the

results of Marron and W and (1992) sho w this is prett y small all to o often)

from the estimator. Instead they ma y b e quite satisfied with understanding

more clearly what the estimator is telling them ab out the data, and with the

fact that there is a v ery effectiv e bandwidth c hoice a v ailable.

The second is that our understanding of “ho w asymptotics kic k in” is

still quite limited. Marron and W and (1992) sho w that the “faster rates of

con v ergence” asso ciated with “more efficien t estimators” can tak e a long time

to kic k in. Deep er in v estigation is needed, but there are indications that

“what mak es bandwidth selection w ork” kic ks in at m uc h smaller sample

sizes. An in teresting op en problem is to dev elop deep er insigh ts on this issue.

The third is that there is still not complete understanding of the abstract

idea of “smo othness”. T o see that “n um b er of deriv ativ es” is only a clumsy

surrogate, think ab out target functions whic h ha v e 3.6 but not 3.7 deriv ativ es.

If I ha v e a sample of n = 100 (or an y n um b er), ho w differen t are suc h target

functions from those whic h ha v e 3.7 but not 3.8 deriv ativ es? Clearly what is

needed is a more relev an t w a y of measuring “smo othness” in finite samples.

W ork is under w a y on this problem, although it is to o early to sa y what

the outcome will b e. But suc h ideas ma y b e able to explain wh y second

generation bandwidth selectors w ork w ell when curren t asymptotic folklore

suggests otherwise.