Fractionally Integrated Time Series Classical ARIMA model: (I − B)^dΦ(B)X = Θ(B)ϵ, where

X : Observed time series ϵ : White noise (independent N(0, σ^2)) B : Backshift Operator (BX_t = X_{t−1} etc.) d : differencing parameter (integral in classical approach) Φ(B) = p∑ i=0 ϕ_iB^i, Θ(B) = q∑ i=0 θ_iB^i.

Fractional ARIMA model (Granger and Joyeux 1980, Hosking 1981):

d is fractional (I − B)^d = I − dB + d(d − 1) 2 B^2 − ...

Spectral density: f_X (λ) = |I − e^{iω}|^{−d} | | | Θ(e^{iω)} Φ(e^{iω}) | | | 2 σ^2 2π ∼ cλ^{−2d} as λ ↓ 0. −^1_2 < d <^1_2 : Stationary and invertible

0 < d <^1_2 : “long memory”

d =^1_2 : “^1_f noise”

Fractional BM etc. satisfy same relations

Connection to Hurst H parameter: d = H −^1_2 .

Statistics

• ACF

• PCF

• Periodogram: Based on data Y_1, ..., Y_N ,

I_N (λ) = 1 2πN | | | | N∑ i=1 e^{iλ}(Y_i − Ȳ ) | | | | 2 .

Evaluate at Fourier frequencies λ_{j,N} =^{2πj}_N , j = 1, 2, ...,^N_2 .

Statistical properties (approximate): independent, exponentially distributed, E{I_N (λ)} ≈ f(λ).

Plot log I_N (λ) vs. log λ for indication of long-memory behavior for small λ

Standard adjustments to PGM:

• Tapering

• Smoothing

Estimation of long-memory models

• Parametric: FARIMA models

• Non/semi-parametric: Fit a power-law model to lower tail of periodogram

• Least squares procedure (Geweke and Porter-Hudak 1983)

Linear regression of log I_N (λ) on log λ restricted to first m Fourier frequencies, where m <<^N_2 (bandwidth idea)

• Whittle estimation (Künsch 1987)

Given a parametric model f(λ; θ), choose θ to minimize ∑ i { log f(λ_{i,N} ; θ) + I_N (λ_{i,N} ) f(λ_{i,N} ; θ) }

• Robinson (1995): Use Whittle (a.k.a. Gaussian) estimation procedure, but using power-law approximation to f(λ; θ) restricted to first m Fourier frequencies.

Robinson’s procedure is justified by “standard” theory about approximations to perodiogram distribution, but applied in a non-standard way.

In principle, it is possible to improve Robinson’s procedure to correct for bias resulting from standard assumptions in lower-tail of periodogram (Hurvich and Beltrao 1993). Robinson showed that this is not necessary for the asymptotics so long as 0 < d < 1 2 , but this is important if d ≥^1_2 (Hurvich and Ray 1995) or if the model is complicated by adding regression terms to the original model (Smith and Chen 1996)

REFERENCES

Beran, J. (1994), Statistics for Long-Memory Processes. Chapman and Hall, New York; in press.

Geweke, J. and Porter-Hudak, S. (1983), The estimation and application of long-memory time series models. J. Time Series Anal. 4, 221-238.

Granger, C.W.J. and Joyeux, R. (1980), An introduction to long-memory time series models and fractional differencing. J. Time Series Anal. 1, 15-29.

Hosking, J.R.M. (1981), Fractional differencing. Biometrika 68, 165-176.

Hurvich, C.M. and Beltrao, K.I. (1993), Asymptotics for the low frequency ordinates of the periodogram of a long-memory time series. Journal of Time Series Analysis 14, 455-472.

Hurvich, C.M. and Ray, B. (1995), Estimation of the memory parameter for nonstationary or noninvertible fractionally differenced time series models. Journal of Time Series Analysis 16, 17–42.

Robinson, P.M. (1995), Gaussian estimation of long range dependence. Ann. Statist. 23, 1630-1661.

Smith, R.L. and Chen, F.-L. (1996), Regression in long-memory time series. In Athens Conference on Applied Probability and Time Series, Volume II: Time Series Analysis in Memory of E.J. Hannan, P.M. Robinson and M. Rosenblatt (eds.). Springer Lecture Notes in Statistics, vol. 115, pp. 378-391, 1996.