20 30 40 50 60 11 12 13 14 15 Figure 5a

Age log(Income)

20 30 40 50 60 11 12 13 14 15 Figure 5b

Age

Both families sho w the surprising bimo dal structure kno wn to b e presen t

in that data set.

Figure 5: F amilies of smo oths, for Canadian Earning Power

Data, overlaid with sc atterplot of the r aw data. Figur e 5a is the

lo c al line ar, c enter e d at the R upp ert, She ather and Wand data

driven b andwidth. Figur e 5b is smo othing splines, with smo othing

r ange chosen to visual ly match Figur e 5a.

The family approac h will not fit w ell with all t yp es of smo others. It is

only effectiv e when eac h mem b er of the family is smo oth enough to allo w

the ey e to “visually connect” adjacen t mem b ers. This is quite difficult with

histograms and nearest neigh b or based metho ds.

References

[1] Cao, R., Cuev as, A. and Gonz´ alez-Man teiga, W. (1994). A comparativ e

study of sev eral smo othing metho ds in densit y estimation, Computa-

tional Statistics and Data A nalysis, 17 153-176.

[2] Ch u, C. K. and Marron, J. S. (1991) Cho osing a k ernel regression esti-

mator, Statistic al Scienc e , 6 , 404-436.

2.3 Sp eed considerations

One dra wbac k to construction of a family of smo oths is that it requires more

computational effort. Esp ecially if the family approac h is to b e com bined

with in teractiv e metho ds, it is imp ortan t to use a fast computational tec h-

nique. F an and Marron [ 6 ] discussed t w o suc h metho ds. The binning ap-

proac h suggested there is esp ecially useful in the family con text, b ecause the

data only need to b e binned once. In man y situations, the added o v erhead

of finding h

max as in (1), and of construction of a family , is rather small with

this approac h.

2.4 Other smo others

The family approac h can b e emplo y ed with a n um b er of other differen t

smo othing metho ds. F or example, Figure 5 sho ws families of smo oths for

the Canadian Earning Data sho wn in Ch u and Marron [ 2 ], from Ullah [ 27 ].

Figure 5a sho ws a lo cal linear family . The ab o v e ideas are simply adapted

to this con text. In particular, w e recommend using the Rupp ert Sheather

W and bandwidth h

R S W as the cen ter p oin t, and again using 15 smo oths.

The scale of the family is no w more complicated, since “p eak heigh t” is a

more difficult concept. Since p eaks pla y a role that is symmetric with the

role of “v alleys”, w e suggest studying “distances from the cen ter”. F or the

lo cal linear smo oth, the natural notion of cen ter is the least squares fit line

ℓ ( x ), whic h is the limit of the smo oth ^

m

h

( x ) as h → ∞ . The one sided

threshold of 60% for densit y estimation app ears naturally as 30% in this t w o

sided con text. Hence define

h

max

= max [ inf { h > h

R S W

: | ^

m

h

( x

∗

) − ℓ ( x

∗

) | ≤ 0 . 3 | ^

m

h

R S W

( x

∗

) − ℓ ( x

∗

) | } , 3 h

R S W

] ,

where x

∗

is a lo cation that maximizes | ^

m

h

S J P I

− ℓ | , i.e.

| ^

m

h

S J P I

( x

∗

) − ℓ ( x

∗

) | = max

x

| ^

m

h

S J P I

( x ) − ℓ ( x ) | .

Using this h

max

, obtain h

min as in (2), and the corresp onding grid as in (3).

A family based on smo othing splines is sho wn in Figure 5b. Since data

based smo othing parameter selection is not so w ell understo o d for smo othing

splines as for k ernel / lo cal linear metho ds, the range w as c hosen to b e visually

similar to Figure 5a.

13

-2 0 2 0 0.1 0.2 0.3 0.4 0.5 Figure 4a

x

Density

-2 0 2 0 0.1 0.2 0.3 0.4 0.5 Figure 4b

x

-2 0 2 0 0.1 0.2 0.3 0.4 0.5 Figure 4c

x -2 0 2 0 0.1 0.2 0.3 0.4 0.5 Figure 4d

x Figure 4: F amilies of kernel density estimates for simulate d

data fr om the “double claw” distribution. Sample sizes ar e: n =

100 for Figur e 4a, n = 1000 for Figur e 4b, n = 10000 for Figur e

4c and n = 100000 for Figur e 4d.

12 sho w that in Figure 4. The family approac h giv es visual insigh t as to ho w

the v ariabilit y in k ernel smo others decreases with n .(large scale for smaller

samples, with b oth finer scale and more fine details for larger samples). Note

that the ev en the crude bimo dal structure is hard to discern for n = 100 (and

in fact w as not ev en presen t in the data for a test data set that is not sho wn

here), but is quite clear for larger sample sizes. The finer spik es (whic h are

a total of only 2% of the data) are not resolv able for sample sizes smaller

than n = 10

5

, and ev en there sho w up only in the family approac h, not in the

Sheather Jones estimate. This is another example where the family approac h

sho ws features that are not easily resolv able b y con v en tional k ernel densit y

estimation.

11

15. Differences with nearb y v alues are small, but m uc h few er than 15 mak es

it hard to “visually connect” the curv es for nearb y amoun ts of smo othing

(whic h is essen tial for easy visual in terpretation), as sho wn in Figure 3c.

Man y more than 15 seems to add distracting clutter, as sho wn in Figure

3d. An o dd n um b er is used to ensure that the cen terp oin t is included in the

resulting grid.

Finally w e consider the “breadth” of the family . A difficult asp ect of this

is that it dep ends on the sample size. In particular, since estimates with

bandwidths that are an y m ultiple of n

− 1 / 5

con v erge to f as n gro ws, there

is no univ ersally acceptable m ultiple of the cen terp oin t, that can b e used

(b ecause the difference is arbitrarily small for n large enough. W e approac h

this problem b y noting that w e can main tain a “fixed range of smo oths”

b y using an upp er endp oin t, whic h do es not tend to 0 as n increases. F or

k ernel densit y estimation, w e recommend the bandwidth that smo oths the

heigh t of the tallest p eak in the cen tral smo oth do wn to 60% of its heigh t.

Mathematically , define

h

max

= max

[

inf

{

h > h

S J P I

:

^

f

h

( x

∗

) ≤ 0 . 6

^

f

h

S J P I

( x

∗

)

}

, 3 h

S J P I

]

, (1)

where x

∗

is a lo cation that maximizes

^

f

h

S J P I

, i.e.

^

f

h

S J P I

( x

∗

) = max

x

^

f

h

S J P I

( x ).

The threshold of 60% is a p ersonal c hoice, based on consideration of a n um b er

of examples. The lo w er b ound of 3 h

S J P I is sometimes useful for small sample

sizes, to k eep the family from b eing to o narro w. F or the lo w er endp oin t, w e

suggest “going the same amoun t in the opp osite direction”. In particular,

define

h

min

= h

S J P I

( h

max

/h

S J P I

)

= h

2

S J P I

h

max

. (2)

The ab o v e recommendations ma y b e summarized as the grid of band-

widths

h

min

(

h

max

h

min

) i − 1

14

: i = 1 , ..., 15 . (3)

This grid w as used at all p oin ts in Figures 1 - 4, except where noted otherwise.

T o c hec k that this range of bandwidths is appropriate o v er a wide range of

settings, w e tested it on sim ulated data sets of sample sizes n = 10

2

, 10

3

, 10

4

, 10

5

,

for eac h of the family of test densities prop osed b y Marron and W and [ 13 ].

The case of their densit y #11, the “Double Cla w” w as in teresting, so w e

10

1 2 3 4 5 0 0.2 0.4 0.6 0.8 1 Figure 3a

Eruption Length

Density

1 2 3 4 5 0 0.2 0.4 0.6 0.8 1 Figure 3b

Eruption Length

1 2 3 4 5 0 0.2 0.4 0.6 0.8 1 Figure 3c

Eruption Length

1 2 3 4 5 0 0.2 0.4 0.6 0.8 1 Figure 3d

Eruption Length

Figure 3: F amilies of kernel density estimates for the Geyser

data. The families in Figur es 3a, c and d ar e lo garithmic al ly

e qual ly sp ac e d, while line ar sp acing is use d in Figur e 3b. The

numb er of memb ers in the families ar e 15 for Figur es 3a and b,

9 for Figur e 3c and 25 for Figur e 3d.

Next w e consider n um b er of curv es in the family , whic h in v olv es some

p ersonal c hoice. After consideration of a n um b er of examples, w e suggest

9 and Scott, but not others b ecause it is hard to separate from the t w o nearb y

larger mo des, is clearly apparen t.

F or some t yp es of smo others, suc h as splines, the issue of go o d cen terp oin t

is more difficult, b ecause effectiv e metho ds of smo othing parameter selection

are not so readily a v ailable. Cross-v alidation t yp e metho ds ha v e the adv an-

tage that they are widely applicable, but they are not recommended here

b ecause they are to o “noisy”, as made clear in Jones, Marron and Sheather

[ 10 ] [ 11 ]. Ho w ev er, ev en in the absence of a reliable cen ter p oin t, a nice

feature of the family approac h is that when one lo oks at a range, it is not

crucial to get the amoun t of smo othing exactly righ t.

2.2 Scale of the family

Sp ecification of the “scale” of the family of smo oths in v olv es t w o related

issues. First there is the “breadth” of the family . Second is the “spac-

ing” within the family . Both require a sensible quan tification of “amoun t of

smo othing”. A simple approac h is to recognize that the bandwidth w orks

m ultiplicativ ely (i.e. it is more in tuitiv e to double the bandwidth than to

add 10 to it), so the log of the bandwidth is more natural.

Another approac h to spacing, suggested b y George T errell, is to consider

p o w er transformations, and c ho ose the p o w er whic h mak es the “sensitivit y

curv e” of Scott [ 22 ], Section 3.2.5, as “symmetric as p ossible”. One w a y

of doing this is to c ho ose the p o w er so that the T a ylor expansion at the

minim um has a zero quadratic term. F or dimension d = 1 this results in

using the original linear bandwidth scale (but the scales h

2 / 3

for d = 2, h

1 / 3

for d = 3, and log ( h ) for d = 4).

A visual comparison of the linear v ersus logarithmic scale is a v ailable from

Figures 3a and b. The data are the Geyser data from T able 2.2 of Silv erman

[ 25 ], whic h came from W eisb erg [ 31 ]. The linear scale giv es a family whic h

is visually “more compressed” at the o v ersmo othed end, and “more sparse”

at the undersmo othed end. The logarithmic scale is recommended, b ecause

the curv es in Figure 3a lo ok closer to “equally spaced in a visual sense”.

8

0.06 0.08 0.1 0.12 0.14 0 20 40 60 80 Figure 2a

Stamp Thickness

Density

0.06 0.08 0.1 0.12 0.14 0 20 40 60 80 Figure 2b

Stamp Thickness

Figure 2: F amilies of kernel density estimates for the Hidalgo

Stamp data. Figur e 2a shows the lo c ation of the family chosen

c enter e d at the She ather Jones Plug In data driven b andwidth

(shown as the thick curve). Figur e 2b shows lo c ation chosen so

the upp er endp oint is at the over smo othe d b andwidth (shown as

the thick curve).

One situation where cen tering at the Sheather Jones bandwidth is dif-

feren t from putting the upp er end at the o v ersmo other, is when the data

are unimo dal and not to o far from the normal distribution. Then the o v er-

smo other is close to an appropriate amoun t of smo othing, so the family is

sk ew ed to w ards undersmo othing. The opp osite extreme is when an appro-

priate amoun t of smo othing is quite small, whic h results in this family b eing

sk ew ed to w ards o v ersmo othing. Cen tering at h

S J P I

, the Sheather Jones Plug

In data driv en bandwidth, is recommended b ecause it more often giv es a rea-

sonable cen ter p oin t, and b ecause it is more app ealing to ha v e the thic k curv e

in the cen ter of the family .

Note that the hea vy curv e in the middle of Figure 2a has the 7 mo des

found b y Izenman and Sommer [ 9 ]. Additional structure in the data is sho wn

b y the other mem b ers of the family . F or example, the lo cations of the 10

mo des found b y Minnotte and Scott, see their Figures 11 and 12, are no w

easy to see. Also the in teresting mo de near .76 that w as found b y Minnotte

7

Metho ds for sp ecifying “lo cation” are considered in Section 2.1. Choices of

“scale” and related issues are discussed in Section 2.2.

2.1 Lo cation of the family

A natural approac h to con trolling the lo cation of the family to b e presen ted,

among the set of all smo oths, is to use a “cen terp oin t” whic h is an effec-

tiv e c hoice of the global smo othing parameter. This is straigh tforw ard in

k ernel t yp e smo othing, where go o d metho ds are kno wn. See the review pa-

p ers b y P ark and T urlac h [ 18 ], Jones, Marron and Sheather [ 10 ], [ 11 ] and

Cao, Cuev as, and Gonz´ alez-Man teiga [ 1 ] ab out k ernel densit y estimation,

and Rupp ert, Sheather and W and [ 20 ] ab out lo cal p olynomial regression. In

the k ernel densit y estimation examples in this pap er, the Sheather Jones Plug

In metho d is used, unless indicated otherwise. The Rupp ert Sheather W and

“Direct Plug In” bandwidth is recommended for lo cal linear nonparametric

regression.

An in teresting alternativ e is the “o v ersmo othed” bandwidth, see T errell

[ 26 ]. This giv es a bandwidth whic h attempts to b e greater than or equal to an

appropriate amoun t of smo othing. Hence, when this is used as the measure

of lo cation, it is natural to use it as the upp er endp oin t on the bandwidth

scale. In man y cases this giv es a reasonably similar family to that cen tered

as suggested ab o v e. An example is the Hidalgo Stamp data, from Izenman

and Sommer [ 9 ], as sho wn in Figure 2.

6

The insigh ts ab out the data that could b e displa y ed through some t yp e of

lo cation adaptiv e bandwidth are also all presen t in the plot. See W and, Mar-

ron and Rupp ert [ 30 ] and Ko op erb erg and Stone [ 12 ] for lo cation adaptiv e

metho ds whic h ha v e b een applied to this particular set of data. The adv an-

tage of the family approac h is that it is simpler and more “in terpretable”

than a lo cation v arying smo othing metho d. In particular, it is m uc h harder

to understand at an in tuitiv e lev el what most lo cation v arying smo others

(e.g. nearest neigh b or based) are indicating ab out the data, except in the

abstract sense of b eing a “curv e estimate”. See Marron and Udina [ 14 ] for

explicit evidence of this.

An additional adv an tage of the family approac h is that it easily adapts

to situations where there is useful information in the data at sev eral differen t

lev els of smo othing. See Diggle [ 3 ] for examples where this is an issue.

Some sp ecific recommendations for c hoice of families are made in section

2. The ideas are dev elop d for k ernel densit y estimation, but apply also to

other t yp es of smo other, as sho wn in section 2.4.

Figure 1, and also eac h of the other figures in this pap er, sho ws a phe-

nomenon that w as p erhaps first discussed in prin t in Silv erman [ 24 ]. In

particular, when a bandwidth is adjusted from o v ersmo othing to w ards un-

dersmo othing, c hanges tend to b e relativ ely slo w un til a particular p oin t

where man y small features suddenly b egin to app ear. Silv erman’s claim that

the p oin t where the big c hange o ccurs is a reasonable amoun t of smo othing

is quite apparen t from the figures here.

2 Sp ecific Recommendations

Some sp ecific suggestions for construction of a family are made and discussed

in this section. The main discussion is in terms of k ernel estimators, b ecause

they are v ery simple, and ha v e excellen t in terpretabilit y prop erties. Ho w ev er

most of the essen tial ideas apply also to other t yp es of smo others. Discus-

sion of adaption to some other smo others, including lo cal p olynomials and

smo othing splines, is giv en in Section 2.4. The recommendations are based

on p ersonal preference, gained through exp erience in visual presen tation of

smo oths. They are in tended only as rough guidelines.

A useful w a y to parameterize a family of smo oths is in terms of “lo cation”

and “scale”, among the set of all p ossible smo oths for the giv en data set.

5

[ 17 ]. See Sc hmitz and Marron [ 21 ] for detailed discussion of these data. The

“bandwidth” (i.e. smo othing parameter) in Figure 1a is c hosen b y a “plug-in”

metho d, prop osed b y Sheather and Jones [ 23 ]. This metho d has b een sho wn

to b e a go o d all-purp ose smo othing parameter selector b y Jones, Marron and

Sheather [ 10 ] [ 11 ], and pro vides a go o d compromise for “b est” c hoice of global

bandwidth for these data. The single curv e sho ws the surprising bimo dalit y ,

whic h is the most imp ortan t feature of the data. Ho w ev er, the family of

curv es rev eals m uc h deep er structure. In particular, it is immediately clear

from Figure 1b that the thin p eak on the left should b e taller and thinner

than is sho wn in Figure 1a, and the tail on the righ t should b e smo other.

These facts ab out this data set could also b e obtained from t w o other

approac hes:

• An in teractiv e trial and error visual searc h through sev eral bandwidths.

• A go o d lo cation adaptiv e smo othing metho d (whic h w ould use a smaller

bandwidth on the left, and a larger one on the righ t).

Another metho d of presen ting a family of smo oths, see e.g. Figure 2

of Ro eder [ 19 ] and Figure 3 of Minnotte and Scott [ 15 ] (whose Figure 2 is

also a precursor of our Figure 1b), is the “p ersp ectiv e surface” sho wn in

Figure 1c. The surface approac h w as seen to b e v ery effectiv e for studying

mo dalit y issues b y Minnotte and Scott [ 15 ]. A review er has p oin ted out that

this surface approac h can b e preferable when it is imp ortan t to view man y

curv es, suc h as when larger dynamic bandwidth range is imp ortan t. Ho w ev er

for exploratory data analysis, w e view the o v erla y in Figure 1b as b eing

preferable, b ecause imp ortan t features of the data are more immediately

visible, while they are to o often hidden in 3-d surface views. In particular, it

is easier to miss b oth failings of the smo oth in Figure 1a from studying only

Figure 1c.

An adv an tage of the family approac h o v er the usual in teractiv e metho ds

is that more information is summarized in one plot. This means that the

user can sp end less effort in k eeping previous pictures in mind, and th us can

concen trate more fully on the data. F urthermore one can learn ab out the

data more rapidly . Ho w ev er the family approac h should b e view ed as more

than just a comp etitor of in teractiv e smo othing c hoice, indeed it can b e an

effectiv e partner. In particular, the trial and error approac h can b e more

efficien t if one lo oks at a range of smo oths on eac h trial.

4

0 1 2 3 0 0.2 0.4 0.6 0.8 1 Figure 1a

Family Income

Density

0 1 2 3 0 0.2 0.4 0.6 0.8 1 Figure 1b

Family Income

0 1 2 3 1 1.5 2 0

0.5

1

Figure 1c

Family Income

-log10(h)

Figure 1: Kernel density estimates for the Inc ome Data, 1975.

Figur e 1a shows a single estimate using the She ather Jones auto-

matic b andwidth. Figur e 1b shows a family of estimates c enter e d

at the estimate in Figur e 1a. Figur e 1c shows the same family,

exp ande d as a surfac e, with b andwidth as the new dimension.

This sho ws k ernel densit y estimates using the Gaussian k ernel, for the

“1975 Income Data”, whic h is part of a larger set sho wn in P ark and Marron

3 usefulness for data analysis comes from an abilit y to easily see structure in

data that can b e v ery difficult to ascertain otherwise, see for example the

monographs of Eubank [ 4 ], H¨ ardle [ 8 ], M üller [ 16 ], Silv erman [ 25 ], Scott [ 22 ],

W ah ba [ 28 ], Green and Silv erman [ 7 ], W and and Jones [ 29 ], and F an and

Gijb els [ 5 ]. The theoretical in terest in smo othing is p erhaps mostly due to

the fact that it is fun to think ab out, but also presen ts c hallenging problems.

Man y imp ortan t issues, suc h as smo othing parameter selection and assessing

v ariabilit y , are easy to understand, but ha v e b een difficult to address in a

satisfactory w a y .

While parts of the a v ailable theory are deep and elegan t, there is a ten-

dency for the theoretical w ork to b e distracting from p oin ts that are imp or-

tan t to the analysis of data. F or example, there is wide spread acceptance

of the idea that the goal of smo othing should b e a single curv e estimate (or

p erhaps an estimate together with confidence bands). This idea comes v ery

naturally from parametric statistics, where all imp ortan t information is sum-

marized in a single parameter. It is also theoretically con v enien t, as issues

suc h as optimalit y are then straigh tforw ard to form ulate.

The main premise of this pap er is that smo othing b ecomes a more p o w er-

ful graphical device, if the usual notion of a single curv e estimate is replaced

b y a family of smo oths , indexed b y the smo othing parameter. This rev eals

structure in the data more quic kly and easily than is p ossible from an y single

estimate, as illustrated in Figure 1.

2

Presen tation of smo others: The family

approac h

J. S. Marron

∗

Departmen t of Statistics

Univ ersit y of North Carolina

Chap el Hill, NC 27599-3260

S. S. Ch ung

Departmen t of Statistics

Chon buk National Univ ersit y

Chonju, Chon buk 561-756

Korea

F ebruary 5, 1997

Abstract

The pro duct of most statistical smo othing metho ds is a single curv e

estimate. A dra wbac k of suc h metho ds is that what is learned v aries

with c hoice of the smo othing parameter. This pap er prop oses sim ul-

taneous displa y of all imp ortan t features, through presen tation of a

family of smo oths. Some suggestions are giv en as to ho w this should

b e done.

1 In tro duction

Smo othing, or nonparametric curv e estimation, is a useful data analytic to ol,

and also has b een the sub ject of a great deal of theoretical researc h. It’s

∗

Researc h P artially Supp orted b y NSF Gran t DMS-9203135, and b y Division of Math-

ematics and Statistics, CSIR O.

1

[3] Diggle, P . J. (1985) A k ernel metho d for smo othing p oin t pro cess data,

Applie d Statistics , 34 , 138-147.

[4] Eubank, R. L. (1988) Spline smo othing and Nonp ar ametric R e gr ession ,

Dekk er, New Y ork.

[5] F an, J. and Gijb els, I. (1996) L o c al p olynomial mo del ling and its appli-

c ations , Chapman and Hall, London.

[6] F an. J. and Marron, J. S. (1994) F ast implemen tations of nonparametric

curv e estimators, Journal of Computational and Gr aphic al Statistics , 3 ,

35-56.

[7] Green, P . and Silv erman, B. W. (1994) Nonp ar ametric R e gr ession and

Gener alize d Line ar Mo dels , Chapman and Hall, London.

[8] H¨ ardle, W. (1990) Applie d Nonp ar ametric R e gr ession , Cam bridge Uni-

v ersit y Press.

[9] Izenman, I. and Sommer, C. J. (1988) Philatelic mixtures and m ulti-

mo dal densities, Journal of the A meric an Statistic al Asso ciation , 83 ,

941-953.

[10] Jones, M. C., Marron, J. S. and Sheather, S. J. (1996a) A brief sur-

v ey of mo dern bandwidth selection metho ds, Journal of the A meric an

Statistic al Asso ciation , 91 , 401-407.

[11] Jones, M. C., Marron, J. S. and Sheather, S. J. (1996b) Progress in data-

based bandwidth selection for k ernel densit y estimation, Computational

Statistics , 11 , 337-381.

[12] Ko op erb erg, C. and Stone, C. J. (1991) A study of log spline densit y

estimation, Computational Statistics and Data A nalysis , 12 , 327-347.

[13] Marron, J. S. and W and, M. P . (1992) Exact mean in tegrated squared

error, A nnals of Statistics , 20 , 712-736.

[14] Marron, J. S. and Udina, F. (1995) In teractiv e lo cal bandwidth c hoice,

Economics W orking P ap er 109, Univ ersitat P omp eu F abra.

[15] Minnotte, M. C. and Scott, D. W. (1993) The mo de tree: a to ol for vi-

sualization of nonparametric densit y features, Journal of Computational

and Gr aphic al Statistics , 2 , 51-86.

[16] M üller, H. G. (1988) Nonp ar ametric A nalysis of L ongitudinal Data ,

Springer Lecture Notes in Statistics 46, Springer, New Y ork.

[17] P ark, B. U. and Marron, J. S. (1990) Comparison of data-driv en band-

width selectors, Journal of the A meric an Statistic al Asso ciation , 85 ,

66-72.

[18] P ark, B. U. and T urlac h, B. A. (1992) Practical p erformance of sev-

eral data driv en bandwidth selectors (with discussion), Computational

Statistics 7 , 251-285.

[19] Ro eder, K. (1990) Densit y estimation with confidence sets exemplified

b y sup erclusters and v oids in the galaxies, Journal of the A meric an

Staistic al Asso ciation , 85 , 617-624.

[20] Rupp ert, D., Sheather, S. J. and W and, M. P . (1995) An effectiv e band-

width selector for lo cal least squares regression, Journal of the A meric an

Staistic al Asso ciation , 90 , 1257-1270.

[21] Sc hmitz, H. P . and Marron, J. S. (1992) Sim ultaneous estimation of

sev eral size distributions of income, Ec onometric The ory , 8 , 476-488.

[22] Scott, D. W. (1992) Multivariate density estimation: the ory, pr actic e

and visualization , Wiley , New Y ork.

[23] Sheather, S. J. and Jones, M. C. (1991) A reliable data-based bandwidth

selection metho d for k ernel densit y estimation, Journal of the R oyal

Statistic al So ciety, Series B , 53 , 683-690.

[24] Silv erman, B. W. (1978) Cho osing the windo w width when estimating

a densit y , Biometrika , 65 , 1-11.

[25] Silv erman, B. W. (1986) Density Estimation for Statistics and Data

A nalysis , Chapman and Hall, London.

[26] T errell, G. R. (1990). The maximal smo othing principle in densit y esti-

mation, Journal of the A meric an Statistic al Asso ciation, 85 , 470-477.

[27] Ullah, A. (1985) Sp ecification analysis of econometric mo dels, Journal

of Quantitative Ec onomics , 2 , 187-209.

[28] W ah ba, G. (1990) Spline Mo dels for Observational Data , SIAM,

Philadelphia.

[29] W and, M. P . and Jones, M. C. (1995) Kernel Smo othing , Chapman and

Hall, London.

[30] W and, M. P ., Marron, J. S. and Rupp ert, D. R. (1991) T ransformations

in densit y estimation, Journal of the A meric an Statistic al Asso ciation ,

86 , 343-361.

[31] W eisb erg, S. (1980) Applie d Line ar R e gr ession , Wiley , New Y ork.