h = 0.5807 h = 1.742 h = 5.227

30 40 50 60 12 12.5 13 13.5 14 14.5

Age log(Income)

When is a feature really there? The SiZer approac h

J. S. Marron a

and P . Chaudh uri b

a

Departmen t of Statistics, Univ ersit y of North Carolina, Chap el Hill, NC, USA

b

Indian Statistical Institute, Calcutta, India

ABSTRA CT

Statistical smo othing metho ds are useful for finding imp ortan t and nonob vious structure in data. Ho w ev er, some of

the features disco v ered in this w a y can b e spurious sampling artifacts. The SiZer approac h (based on studying statis-

tical SIgnificance of ZERo crossings of smo othed estimates) to analyzing whic h visible features represen t imp ortan t

underlying structures, is discussed.

1. BA CK GR OUND

Smo othing metho ds in statistics, also called nonparametric curv e estimates, are a p o w erful metho d for finding often

unexp ected structure in data. Tw o examples of this are sho wn in Figure 1. Man y more examples are a v ailable in the

man y monographs on smo othing in the statistical literature. In the last 5 y ears these include Green and Silv erman

(1994), W and and Jones (1995), Simonoff (1996), F an and Gijb els (1996), Hart (1997) and Bo wman and Azzelini

(1997).

Scatterplot smo othing is illustrated in Figure 1. Precise form ulation is giv en in Section 2. A smo oth is essen tially

a lo cal a v erage, indexed b y a “smo othing parameter”, or “windo w width” h , whic h con trols the amoun t of smo othing

done. When h is small, i.e. undersmo othed, the resulting curv e estimates are quite wiggly , b ecause to o m uc h of the

sampling v ariabilit y is presen t. When h is large, i.e. o v ersmo othed, the resulting curv e estimates are v ery smo oth,

and imp ortan t underlying structure can b e smo othed a w a y .

Figure 1: Scatterplot smo oths, with differen t windo w widths h , for the Canadian Earning P o w er data

(sho wn as small circles).These sho w that observ ed features dep end on the lev el of smo othing used, and

motiv ate the question of whic h observ ed features are “really there?”.

Other author information: (Send corresp ondence to J.S.M.)

J.S.M.: E-mail: marron@stat.unc.edu

P .C.: E-mail: probal@isical.ernet.in

The Canadian Earning P o w er data sho wn in Figure 1 comes from Ullah (1985). This w as from a surv ey done in

Canada, and sho ws income as a function of age at a particular time. The large windo w width sho ws the exp ected

features: y oung p eople earn significan tly less than others but can exp ect substan tial increases, and as older p eople

lea v e the w ork force their earning p o w er declines. The small windo w width smo oth is to o strongly affected b y the

sampling noise, and has man y features that are clearly not imp ortan t underlying structure. But the medium smo oth

sho ws features that are uncertain, in particular a mark ed dip in the middle. If this is an imp ortan t underlying

feature, then a surprising disco v ery has b een made, that is w ell w orth deep er in v estigation. Ho w ev er, if the dip is

just a spurious sampling artifact, then suc h deep er in v estigation w ould b e w asted effort.

This example illustrates that for practical use of smo othing metho ds, a critical question is “whic h observ ed

features are imp ortan t underlying structure, and whic h are spurious sampling artifacts?”. SiZer pro vides an answ er

to this question, based on studying SIgnificance of ZERo crossings of deriv ativ es of a family of smo oths. This metho d

w as dev elop ed in Chaudh uri and Marron (1997), and is discussed here in Section 2. Illustrations and examples are

giv en in Section 3. Conclusions, and suggestions for future w ork are giv en in Section 4

2. THE SIZER APPR O A CH

SiZer w as dev elop ed in Chaudh uri and Marron (1997) as a first attempt at a statistical application of “scale space”

ideas from computer vision. An in tro duction to scale space ideas, from a statistician’s viewp oin t, is giv en in Chaudh uri

and Marron (1998). That pap er discusses a n um b er of in teresting ideas from the monograph Lindeb erg (1994), where

a mathematical mdo el for “vision” is dev elop ed, whic h is simply a family of Gaussian k ernel smo oths indexed b y

the bandwidth. The idea is that large bandwidths represen t distan t, i.e. “blurred” views, and small bandwidths

represen t close in, i.e. “zo omed” views.

One v ery imp ortan t scale space idea is that one should consider not a single smo oth, but in fact a wide range

of differen t lev els of smo othing. This idea is not new to man y statisticians, who ha v e b een a w are that differen t

information can b e a v ailable from differen t lev els of smo othing. See Marron and Ch ung (1997) for some sp ecific

prop osals concerning use of a “family of smo oths” for data analysis.

A second critical concept of scale space, is the idea that one should no longer think of “estimating a true underlying

curv e”, and should instead fo cus on “asp ects of the true curv e whic h are reco v erable from the data”. In particular,

the target of the estimation pro cess b ecomes a family of con v olutions of the true curv e with the windo w function.

These con v olutions are in terpreted as reflecting “ho w m uc h of the true curv e is a v ailable at that lev el of resolution”.

SiZer has b een dev elop ed for b oth densit y estimation, i.e. smo othed histograms, and for nonparametric regression,

i.e. scatterplot smo othing. Kernel densit y estimation rev eals structure in a univ ariate set of data, X

1

, ..., X

n

, b y

putting some probabilit y mass “near” eac h observ ation:

^

f

h

( x ) =

1

n n

∑

i =1

K

h

( x − X

i

) , (1)

where K

h is the “ h -rescaling” of the k ernel function K , K

h

( · ) =

1

h

K

(

·

h

)

. In the examples in this pap er, K is

the standard Gaussian densit y K ( x ) =

1

√

2 π e

− x

2

/ 2

, so K

h is the Gaussian densit y with standard deviation h . See

Chaudh uri and Marron (1998) for detailed reasons b ehind this c hoice. Kernel densit y estimation is illustrated in

figure 2. Nonparametric regression is for the study of dep endence of v ariables, and in particular fo cuses on the

conditional mean E ( Y | X = x ) based on pairs of v ariables ( X

1

, Y

1

) , ... ( X

n

, Y

n

) . There are a n um b er of p opular

metho ds for smo othing suc h data, but here w e study the lo cal linear metho d, see e.g. F an and Gijb els (1996) for

reasons for this c hoice,

^

f

h

( x ) = arg min

a n

∑

i =1

[ Y

i

− ( a + b ( X

i

− x ) ) ]

2

K

h

( x − X

i

) , (2)

where arg min

a is in terpreted to mean “minimize join tly o v er a and b , but use the a v alue”. The main idea is that for

eac h x , a line is fitted to the data, using K

h

- w eigh ted least squares.

The first comp onen t of the SiZer metho dology used in all the examples b elo w is a family of smo oths, for a v ery

broad range of bandwidths, h . Suggested defaults are: ev aluate the smo oths at a grid of 401 equally spaced p oin ts

(this giv es smo oth curv es in most instances), with the smallest h equal to t wice the grid spacing, and the largest h

-2 0 2 0 0.2 0.4 0.6

x density n = 100

x log10(h) n = 100

-2 0 2

-1.5 -1 -0.5 0 0.5 -2 0 2 0 0.2 0.4 0.6

x n = 1000

x n = 1000

-2 0 2

-1.5 -1 -0.5 0 0.5 -2 0 2 0 0.2 0.4 0.6

x n = 10,000

x n = 10,000

-2 0 2

-1.5 -1 -0.5 0 0.5

equal to the range. T o giv e some frame of reference, it is often useful to highligh t a go o d data based c hoice of h .

Here this is done using the Sheather Jones Plug In bandwidth, see e.g. Jones, Marron and Sheather (1996a,b), in

densit y estimation, and the Rupp ert Sheather and W and (1995) metho d in regression.

SiZer in v estigates whic h of the features seen in the smo oths are statistically significan t b y studying deriv ativ es (in

the x direction) of the smo oths. When a confidence in terv al (that is sim ultaneous in a sense describ ed in Chaudh uri

and Marron (1997)) for the deriv ativ e has b oth endp oin ts ab o v e 0, the estimate has significan t p ositiv e slop e, and vice

v ersa for significan tly negativ e slop e. This information is displa y ed in the second comp onen t of SiZer, a color map

of scale space, where eac h pixel represen ts a “lo cation” with resp ect to b oth p osition x and bandwidth h . Eac h pixel

is shaded dark where there is a significan t increase, ligh t where there is a significan t decrease, and an in termediate

gra y where there is no significan t c hange. In some scale space lo cations, there is not enough data presen t (tak en here

to mean the effectiv e n um b er of p oin ts in eac h windo w is less than 5) so a sligh tly dark er shade of gra y is used.

Publication constrain ts mak e the use of color to o exp ensiv e in the presen t pap er, but the full color v ersion of

SiZer is recommended. This replaces the dark regions b y blue, the ligh t regions b y red, and the in termediate gra y

with purple. S. G. Eic k summed up the situation w ell b y p oin ting out that “the color v ersion of SiZer is m uc h more

engaging.”

Because the family approac h and SiZer are based on replicated smo othing, a fast n umerical implemen tation can

b e quite imp ortan t. Because of the replication, the “binning” metho d discussed in F an and Marron (1994) is v ery

appropriate, and as noted there this can mak e the difference b et w een obtaining a SiZer map in a few seconds, as

opp osed to sev eral min utes for a naiv e direct implemen tation. Matlab v ersions of SiZer, and electronic copies of

Chaudh uri and Marron (1997,1998), are a v ailable on the W orld Wide W eb at the URL:

http://hotelling.stat.unc.edu/faculty/marron/marron software.html

F or a quic k first try of SiZer, use gpanal.m .

3. EXAMPLES

3.1. Sim ulations

Figure 2 sho ws sim ulated densit y estimation, and illustrates ho w the information that is a v ailable in the data increases

with the sample size. The underlying densit y in eac h case is the #10 Cla w normal mixture densit y from Marron and

W and (1972). This densit y has 5 thin p eaks, whic h should b e quite difficult to find with small sample sizes.

Figure 2: Sim ulated k ernel densit y estimation, from the underlying densit y sho wn as the thic k dashed

curv e, for sample sizes n = 100, 1000, 10 , 000. F amilies of smo oths are sho wn in the top panels, and

corresp onding SiZer maps are sho wn in the b ottom panels. The horizon tal white bar in the SiZer map

sho ws the Sheather Jones Plug In data driv en bandwidth, whic h is sho wn as the thic k er solid line t yp e

in the family plots. The white dots in the SiZer maps sho w ± 2 h to giv e a feeling for the effectiv e windo w

width of K

h

. This figure sho ws ho w the n um b er of features of the underlying densit y , whic h can b e

resolv ed as “significan t”, increases with the sample size.

The family in the top left part of Figure 2, for n = 100, sho ws a wide range of smo othing, from grossly o v er-

smo othed (with most of the probabilit y mass spread outside the range under consideration), to v ery undersmo othed

(with p eaks that reac h far higher than the underlying densit y). The corresp onding SiZer map (b ottom left) sho ws

that for large bandwidths, the estimates slop e significan tly up w ard on the left, and do wn w ard on the righ t. F or

smaller bandwidths, there is a cen tral gra y area, whic h sho ws that the wiggles in the estimate at that lev el of res-

olution can not b e separated from spurious sampling noise. Ev en though man y of the wiggles are actually caused

b y the shap e of the underlying densit y , there is not enough information a v ailable to determine this from the bac k-

ground noise. The dark er shade of gra y in the SiZer map sho ws regions where there is not enough data to construct

meaningful confidence in terv als of the t yp e underlying SiZer, at that lev el of resolution.

The family plot in the cen ter top of Figure 2, for n = 1000, is similar to the n = 100 case for large bandwidths,

but less wiggly for smaller bandwidths, since more data tends to stabilize the wiggliness. More mem b ers of the family

are no w doing a b etter job of resolving the 5 think p eaks, and the SiZer map sho ws that no w these are significan t

features, since 5 dark regions, follo w ed b y 5 ligh t regions are visible for h near the data driv en bandwidth sho wn

at the horizon tal white bar. Once again for large bandwidths, there is only a single increase, follo w ed b y a single

decrease, whic h reflects what can b e seen in the underlying densit y at this level of r esolution .

F or n = 10 , 000, there is v ery abundan t information a v ailable in the data, so no w the 5 p eaks stand out quite

clearly in b oth the family plot, and also the SiZer map. Note that the data driv en bandwidth (thic k er curv e in the

family plot, and white horizon tal bar in the SiZer map) is no w quite small, since the increased sample size means

the optimal trade-off b et w een v ariance and bias happ ens for a small windo w width.

Figure 3 sho ws a sim ulated regression example. The underlying target curv e is the sum of a line and a Gaussian

densit y , together with a jump discon tin uit y . Gaussian noise has b een added at an equally spaced rid of n = 1024

design p oin ts.

x log10(h)

0 0.2 0.4 0.6 0.8 1 -2

-1

0 0.2 0.4 0.6 0.8 0

0.5

1

x y

Figure 3: F amily and SiZer analysis for a sim ulated regression example. T arget curv e is sho wn as the

thic k dashed line. Data p oin ts are sho wn as small dots. This sho ws ho w the jump app ears as a funnel

shap ed shaded region in the SiZer map.

Although the noise lev el is relativ ely high, the large n um b er of data p oin ts means that there is enough information

to discern that b oth the smo oth p eak around x = 0 . 3 (the gra y b et w een the large dark region and the small ligh t

region) and the smo oth v alley around x = 0 . 5 (the gra y b et w een the small ligh t region and the ev en smaller dark

region) are significan t features. Esp ecially in teresting is the shap e of the ligh t shaded region near the jump at x = 0 . 8.

The funnel shap e of the region is caused b y this jump b eing a region of significan t decrease, ev en at the finest lev els

of resolution of the data (i.e. smallest bandwidths). This shap e has app eared in a n um b er of other examples with

jumps, and seems to b e c haracteristic of jumps in regression curv es that are large with resp ect to the noise lev el.

This sho ws that ev en though SiZer is based on smo othing ideas, it can b e quite effectiv e at finding p oin ts where the

underlying curv e is not smo oth.

3.2. The initial example

No w w e return to the Canadian Earning P o w er Data of Figure 1.

age log10(h)

30 40 50 60

-0.5 0 0.5 1 1.5 30 40 50 60 12

13

14

age log(Income)

Figure 4: F amily and SiZer analysis of the Earning P o w er Data from Figure 1. This sho ws that the

only significan t feature is the large scale increase. The middle age dip apparen t in Figure 1 can not b e

distinguished from the sampling v ariabilit y .

Figure 4 suggests that further in v estigation of the middle age dip discussed in section 1 ma y not b e w orth while,

since there is no strong evidence that this is an ything b esides the lev el of v ariabilit y exp ected from the sampling

pro cess. Of course this is not conclusiv e evidence against suc h a dip, but only a statemen t that more evidence is

needed b efore it can b e concluded to b e an imp ortan t part of the underlying structure. P erhaps more surprising is

that the decrease that seems apparen t for older ages is not recognized as significan t b y SiZer (since there is no ligh t

region on the righ t hand side). This can b e explained b y the relativ ely small sample size of n = 205, and b y the

increasing heteroscedasticit y , making it more difficult to mak e sharp inference on the righ t side of the plot.

4. SECOND GENERA TION THEOR Y F OR SMOOTHING

Note that SiZer represen ts a radically differen t approac h to smo othing. Most of the statistical theory of smo othing

concerns the question:

• What are go o d curv e estimates? Ho w go o d are they?

There is a v ery large literature addressing this issue from man y p oin ts of view, suc h as asymptotic rates of

con v ergence (and deep er asymptotics in v olving constan t co efficien ts and minimax lo w er b ounds), sim ulation studies,

and exact risk analysis. Ho w ev er, “go o d” estimates of this t yp e are t ypically those that optimize some t yp e of

error criterion. Unfortunately suc h optimal smo oths will t ypically b e quite differen t from smo oths with “the righ t

features”, e.g. optimal smo oths will often ha v e spurious “bumps” that are accepted as simply b eing part of the

optimal trade-off presen t in bandwidth c hoice.

F or this reason, w e b eliev e that it is time to shift the bulk of researc h efforts a w a y from the ab o v e first gener ation

researc h question, whic h has no w b een answ ered quite successfully , to w ards an emphasis on the se c ond gener ation

question:

• Whic h features in a smo oth are “really there”?

This question is not completely unexplored, e.g. there is some literature on “bump h un ting”, see for example

Go o d and Gaskins (1980), Hartigan and Hartigan (1985), M üller and Sa witzki (1991), Hartigan and Mohan t y (1992),

Mammen, Marron and Fisher (1992), Minnotte and Scott (1993), Fisher, Mammen, and Marron (1994), Minnotte

(1997) Cheng and Hall (1997) and Mammen, Marron and Udina (1997).

W e hop e that SiZer represen ts a reasonable first attempt at finding other w a ys to tac kle this second generation

researc h question, and that man y others will b e dev elop ed in the future.

REFERENCES

1. Bo wman, A. W. and Azzelini, A (1997) Applie d Smo othing T e chniques for Data A nalysis, the Kernel Appr o ach

with S-plus Il lustr ations , Oxford Statistical Science Series 18, Oxford Science Publications, Oxford.

2. Bro c kw ell, P . J. and Da vis, R. A. (1991) Time Series: The ory and Metho ds , second edition, Springer V erlag,

New Y ork.

3. Chaudh uri, P . and Marron, J. S. (1998) SiZer for exploration of structures in curv es, North Carolina Institute

of Statistics Mimeo Series # ????.

4. Chaudh uri, P . and Marron, J. S. (1997) Scale space view of curv e estimation, North Carolina Institute of

Statistics Mimeo Series # ????.

5. Cheng M. Y. and Hall, P . (1997) Calibration metho ds for excess mass and DIP tests of homogeneit y , unpublished

man uscript.

6. F an, J. and Gijb els, I. (1996) L o c al p olynomial mo deling and its applic ations , Chapman and Hall, London.

7. F an, J. and Marron, J. S. (1994) F ast implemen tations of nonparametric curv e estimators, Journal of Compu-

tational and Gr aphic al Statistics , 3, 35-56.

8. Fisher, N. I., Mammen, E. and Marron, J. S. (1994) T esting for m ultimo dalit y , Computational Statistics and

Data A nalysis , 18, 499-512.

9. Go o d, I. J. and Gaskins, R. A. (1980) Densit y estimation and bump-h un ting b y the p enalized maxim um lik eli-

ho o d metho d exemplified b y scattering and meteorite data (with discussion), Journal of the A meric an Statistic al

Asso ciation ,75, 42-73.

10. Green and Silv erman (1994) Nonp ar ametric R e gr ession and Gener alize d Line ar Mo dels , Chapman and Hall,

London.

11. Hart, J. D. (1997) Nonp ar ametric Smo othing and L ack-of-Fit T ests , Springer, New Y ork.

12. Hartigan, J. A. and Hartigan, P . M. (1985) The DIP test of m ultimo dalit y , A nnals of Statistics , 13, 70-84.

13. Hartigan, J. A. and Mohan t y , S. (1992) The R UNT test from m ultimo dalit y , J. Classific ation , 9, 63-70.

14. Jones, M. C., Marron, J. S. and Sheather, S. J. (1996a) A brief surv ey of bandwidth selection for densit y

estimation, Journal of the A meric an Statistic al Asso ciation , 91, 401-407.

15. Jones, M. C., Marron, J. S. and Sheather, S. J. (1996b) Progress in data-based bandwidth selection for k ernel

densit y estimation, Computational Statistics , 11, 337-381.

16. Lindeb erg, T. (1994) Sc ale sp ac e the ory in c omputer vision . Klu w er: Boston.

17. Mammen, E., Marron J. S. and Fisher, N. I. (1992) Some asymptotics for m ultimo dalit y tests based on k ernel

densit y estimates, Pr ob ability The ory and R elate d Fields , 91, 115-132.

18. Mammen, E., Marron, J. S. and Udina, F. (1997) In teractiv e mo de testing, unpublished man uscript.

19. Marron, J. S. and Ch ung, S. S. (1997) Presen tation of smo others: the family approac h, unpublished man uscript.

20. Marron, J. S. and W and, M. P . (1992) Exact mean in tegrated squared error, A nnals of Statistics , 20, 712-736.

21. Minnotte, M. C. (1997) Nonparametric testing of the existence of mo des, A nnals of Statistics , 25, 1646-1660.

22. Minnotte, M. C. and Scott, D. W. (1993) The mo de tree: a to ol for visualization of nonparametric densit y

features, Journal of Computational and Gr aphic al Statistics , 2, 51-68.

23. M üller, D. W. and Sa witzki, G. (1991) Excess mass estimates and tests for m ultimo dalit y , Journal of the

A meric an Statistic al Asso ciation , 86, 738-746.

24. Rupp ert, D., Sheather, S. J. and W and, M. P . (1995) An effectiv e bandwidth selector for lo cal least squares

regression, Journal of the A meric an Statistic al Asso ciation , 90, 1257-1270.

25. Simonoff, J. S. (1996) Smo othing metho ds in statistics , Springer, New Y ork.

26. Ullah, A. (1985) Sp ecification analysis of econometric mo dels. Journal of Quantitative Ec onomics , 2, 348-354.

27. W and, M. P . and Jones, M. C. (1995) Kernel Smo othing , Chapman and Hall: London.