Significance of F eatures via SiZer

J. S. Marron and P . Chaudh uri

April 28, 1998

Abstract

SiZer is an exploratory data analysis to ol, that w orks in conjuction with

smo othing metho ds. It addresses the issue that is often cen tral to the use of

smo othing in data analysis: whic h observ ed features are “really there”, and

whic h cannot b e distinguished from the bac kground sampling v ariabilit y?

The SiZer approac h mak es hea vy use of scale space ideas.

Researc h partially supp orted b y the National Science F oundation, and b y the

Indian Statistical Institute.

1. In tro duction

Smo othing metho ds ha v e sho wn themselv es to b e quite useful to ols for exploratory

data analysis. Monographs on smo othing in the last fiv e y ears include Green

and Silv erman (1994), W and and Jones (1995), F an and Gijb els (1996), Simonoff

(1996), Hart (1997) and Bo wman and Azzalini (1997). These con tain useful in-

tro ductory material, and also access to the large early literature on smo othing.

When analyzing data b y these metho ds one often finds “features”, e.g. bumps

or v alleys, whic h ma y b e imp ortan t underlying structure, or ma y b e spurious

artifacts of the sampling pro cess. Determining whic h is quite c hallenging, since

b oth t yp es can b e made to disapp ear b y increasing the amoun t of smo othing

done. Con v ersely , sufficien tly decreasing the amoun t of smo othing can mak e man y

spurious features app ear.

An in teresting approac h to this problem is “mo de testing”, i.e. “bump h un t-

ing”, see for example Go o d and Gaskins (1980), Hartigan and Hartigan (1985),

M üller and Sa witzki (1991), Hartigan and Mohan t y (1992), Mammen, Marron and Fisher (1992), Fisher, Mammen and Marron (1994), Minnotte (1997) and

Cheng and Hall (1997) for a n um b er of in teresting ideas in this direction, and

access to other w ork. This t yp e of formal mo de testing is quite useful when one

is in v estigating the v alidit y of a prior idea ab out the n um b er of mo des, but is

less w ell adapted to exploratory w ork (b ecause of m ultiple comparison problems

in in terpreting the result). Also most suc h mo de tests only study the n um b er of

mo des, without regard to their lo cation.

F or exploratory data analysis desirable prop erties of a bump h un ting metho d

include no prior assumptions on the n um b er of mo des, and an indication of the

lo cation of “features that are really presen t”. The mo de tree of Minnotte and

Scott (1993) is a first suc h exploratory to ol.

In this pap er, w e discuss a to ol whic h can b e view ed as an extension of the

mo de tree. There are t w o graphical comp onen ts, as indicated in Figure 1. The

first is an o v erlaid family of smo oths, indexed b y the smo othing parameter, and

the second is called a SiZer map. Both of these visualizations are based on the

“scale space” view of smo othing, see Lindeb erg (1994) for general details, and

Chaudh uri and Marron (1998) for discussion of sev eral statistical asp ects.

The idea of the family plot is that no single smo oth can con tain all of the

information a v ailable in the data, and indeed sev eral smo oths are needed, since

differen t t yp es of features will b e a v ailable at differen t “smo othing lev els”. The

o v erla y of the family attempts to displa y as man y of these features as p ossible.

Sp ecific guidelines for c hoice of family (e.g. the n um b er of family mem b ers, and

the endp oin ts of the smo othing range) ha v e b een suggested in Marron and Ch ung

(1997).

Figure 1 is an analysis of the Old F aithful Geyser data that ha v e b een widely

studied. See Section 1.4.1 of Scott (1992) for detailed description, and useful

insigh ts. Here the smo oths are k ernel densit y estimates, using a Gaussian k ernel

(see e.g. Section 2.1 of W and and Jones (1995) for an in tro duction). Note that

in the top of Figure 1, t w o strong mo des seem to b e a clear feature of the data,

and the other m uc h smaller bumps are lik ely to b e just sampling noise. The thic k

curv e in the family is the Sheather Jones Plug In bandwidth c hoice, see e.g. Jones,

Marron and Sheather (1995) for further discussion.

The lo w er visualization is a SiZer map, as dev elop ed b y Chaudh uri and Marron

(1997), whic h sho ws whic h features visible in the family of smo oths in the top panel

are “statistically significan t”, b y studying SIgnificance of ZERo crossings. Eac h

pixel in the gra y lev el map represen ts a p oin t in scale space, indexed b y lo cation

(on the horizon tal axis) and smo othing parameter (i.e. the bandwidth h for k ernel densit y estimation, on the v ertical axis). F or eac h lo cation and eac h bandwidth,

a simple confidence in terv al for the deriv ativ e is constructed (th us studying the

lo cal slop e of the smo oth). When this confidence in terv al is completely ab o v e

zero, the smo oth is “significan tly increasing”, and the pixel is shaded dark (blue

is used in full color v ersions). When this confidence in terv al is completely b elo w

zero, the smo oth is “significan tly decreasing”, and the pixel is shaded ligh t (red

in full color v ersions). When the confidence in terv al con tains zero, there is no

statistically significan t slop e, so the pixel is shaded an in termediate gra y (purple

in full color v ersions). Th us mo des that are “really there” ha v e a dark region on

the left, and a ligh t region on the righ t, as seen around x = 2 and x = 5 in Figure

1. Similarly “significan t v alleys” ha v e the opp osite coloring, as seen around x = 3

in Figure 1. The other p eaks and v alleys apparen t in the family of smo oths all

app ear in the gra y region of the SiZer map, whic h indicates these mo des are not

strong enough to b e distinguished form the bac kground noise. This exploratory

conclusion is in k eeping with that from the deep er analysis of Sections 1.4.1 and

8.3.2 of Scott (1992).

Note that these t w o mo des are not seen at all “lev els of resolution”, i.e. at

all bandwidths. When the smo othing windo w is v ery large, as at the top quarter

of the SiZer map, the t w o mo des ha v e b een smo othed do wn to one (the shading

go es from ligh t to medium to dark), b ecause a single bump is the only feature in

the data at this level of r esolution , as sho wn in the ab o v e family plot. F or more

mo derate bandwidths (middle third of the SiZer map), the t w o bumps are seen to

b e imp ortan t features of this data set at this level of r esolution as noted ab o v e. A t

finer resolution scales, i.e. smaller bandwidths, (b ottom part of the SiZer map),

the dominan t color is gra y , whic h means that the small spik es visible only at these

lev els of resolution in the family plot are not statistically significan t.

The m ultiple comparison problem that comes from studying a large n um b er

of confidence in terv als is addressed using metho ds describ ed in Chaudh uri and

Marron (1997). Since these confidence in terv als are based on asymptotics, they

b ecome unreliable when here are not enough p oin ts in eac h windo w, so a dark er

shade of gra y is used to indicate suc h lo cations (visible in the lo w er cen ter, and

lo w er left and righ t of the SiZer map in Figure 1). The dashed curv es o v erla y ed

on the SiZer map sho w the effectiv e amoun t of smo othing in eac h ro w, b y sho wing

plus and min us t w o standard deviations of the Gaussian windo w function. The

horizon tal bar sho ws where the thic k curv e in the family app ears on the SiZer

map.

time log10(h)

2 3 4 5

-1.5 -1 -0.5 0 0.5 2 3 4 5 0

0.5

1

time density

Figure 1: F amily appr o ach (top p anel), and SiZer map for the Y el-

lowstone Old F aithful Geyser data. This indic ates that the two str ong

mo des at x = 2 and x = 4 . 5 ar e imp ortant underlying fe atur es, but the

other mo des c an not b e distinguishe d fr om spurious sampling fluctua-

tions.

Since the family approac h and SiZer are based on rep eated iterations of smo oth-

ing, fast computational metho ds are imp ortan t for implemen tation. See F an and

Marron (1994) for discussion of some non-ob vious metho ds for fast smo othing.

The remaining sections sho w examples of v arious t yp es. Section 2 studies a

sim ulated example to understand the effects of increasing sample size, in particular

demonstrating ho w increased information in the data results in b eing able to

distinguish more features of the true underlying curv e from the bac kground noise.

Section 3 is a particularly c hallenging real data set, whic h sho ws some un usual

features. Section 4 sho ws a simple use of SiZer in a time series con text, with the

additional lesson that use of SiZer can sometimes b e enhanced b y pre-pro cessing.

-2 0 2 0 0.2 0.4 0.6

x density n = 100

x log10(h) n = 100

-2 0 2

-1.5 -1 -0.5 0 0.5 -2 0 2 0 0.2 0.4 0.6

x n = 1000

x n = 1000

-2 0 2

-1.5 -1 -0.5 0 0.5 -2 0 2 0 0.2 0.4 0.6

x n = 10,000

x n = 10,000

-2 0 2

-1.5 -1 -0.5 0 0.5

In particular, b ecause SiZer is based on sign c hanges in deriv ativ es, it can b e

useful to subtract a linear fit from the data b efore applying SiZer.

2. A sim ulation example

This section demonstrates ho w SiZer quan tifies the idea of “more information in

the data mean more features are statistically significan t”. The setting is k ernel

densit y estimation, and the underlying densit y is the #13 Asymmetric Double

Cla w Densit y from Marron and W and (1982). The true densit y has t w o broad

mo des at x = ± 1, three quite thin mo des at x = 0 . 5, 1 . 0 and 1 . 5, and three

extremely thin mo des at x = − 1 . 5 , − 1 . 0 , − 0 . 5. Figure 2 sho ws the family approac h

and SiZer for sim ulated data sets with sample sizes n = 100, 1000 and 10 , 000.

Figure 2: F amily appr o ach (top p anels), and SiZer maps for simu-

late d data sets fr om Marr on and Wand density # 13, for sample sizes

n = 100 (left) n = 1000 (c enter), n = 10 , 000 (right). This shows how

mor e information in the data r esults in mor e signific ant fe atur es.

Note that when there only n = 100 observ ations a v ailable, the SiZer map sho w

only one significan t mo de, i.e. there is not enough information in the data to ev en

5 find the t w o large mo des. The family plot suggests there ma y b e t w o mo des, but

note that the bac kground noise visually apparen t in the family plot is quite high,

so it is not surprising that the t w o mo des are not sho wn to b e significan t.

When the sample size is increased substan tially , to n = 1000, there is no w

enough information in the data to clearly resolv e the t w o main mo des. The

three thinner mo des on the righ t are also b eginning to b e visible in the family

plot, although the SiZer map sho ws these are not clearly distinguishable from the

sampling v ariabilit y .

Another order of magnitude increase in the sample size, to n = 10 , 000, indi-

cates that not only are the t w o main mo des significan t, but so are the three quite

thin mo des at x = 0 . 5, 1 . 0 and 1 . 5. The first t w o are highligh ted b y b oth dark and

ligh t regions, and the third has a ligh t region to the righ t but no corresp onding

dark region on the left, whic h means that the upslop e on the left is not statistically

significan t, but the do wn slop e on the righ t is. There are some hin ts at the v ery

thin mo des on the left in the family plot, but the SiZer map sho ws there are not

strong enough to b e called “really there”.

3. A c hallenging real data example

Figure 3 sho ws a family plus SiZer analysis of a c hallenging real data set, whose

source is confiden tial. The goal w as to find the n um b er of significan t clusters in

the data. The family plot only sho ws a v ery hea vily sk ew ed distribution, with an

ob vious v ery large mo de at the extreme left. But the SiZer map rev eals additional

significan t structure. The mo de at the left is indeed v ery significan t, but there is

also a region of significan t increase, sho wn as a dark blob, around x = 8, and a

“sudden drop off ”, near x = 33.

A surprising feature of the SiZer map is the “fringe of dark and ligh t shadings”

at the smallest bandwidth, i.e. the finest lev el of resolution. A careful lo ok at a

listing of the data sho w ed that there w ere man y replications among the data (i.e.

most n um b ers that w ere in the set app eared a n um b er of times), although it w as

not simple data rounding. This fringe is presen t b ecause these replications are

sufficien tly n umerous that at this sc ale of r esolution then when the data are view ed

as coming from a con tin uous probabilit y densit y (a basic assumption of SiZer),

this densit y has these man y small but significan t bumps. While this particular

structure w as not useful (it turned out the data had first b een rather coarsely

rounded, and then transformed) b ecause the in teresting analysis w as at a m uc h

differen t lev el of resolution, this still sho ws ho w SiZer can find structure at wide

6

x log10(h)

0 20 40 60

-0.5 0 0.5 1 1.5

0 20 40 60 0 0.2 0.4 0.6

x density

range of gran ularities.

Figure 3: F amily appr o ach (top), and SiZer map (b ottom) for a r e al

data set. This shows how SiZer c an r eve al the pr esenc e of r ound-

ing/pr ebinning in data.

In the absence of other information, it w ould b e natural to analyze these data

on the log scale, ho w ev er, it needs to b e k ept in mind that suc h transformations

ha v e a substan tial effect, b oth on SiZer and ev en on the mo dalit y of the true

underlying densit y .

4. A time series example

In this section an example from time series is considered. Here the smo othing is

done on a scatterplot of v alues, b y the lo cal linear smo other (see e.g. Section 2.3.1

of F an and Gijb els (1996) for go o d discussion), using a Gaussian k ernel.

7

Year log10(h)

60 70 80 90

-0.5 0 0.5 1 1.5 60 70 80 90 2 4 6 8

Year kilotonnes

Figure 4 sho ws the use of the family approac h and SiZer for the “mon thly

Australian Cho colate Consumption (in kilotonnes, for the late 1950’s to early

1990’s)” data set that comes with the soft w are companion to Bro c kw ell and Da vis

(1991). Smo othing can b e useful for understanding trends in time series, and

SiZer is suggested here as a metho d for understanding whic h trends are “really

there”, and whic h are just artifacts of the sampling v ariabilit y . The ra w data ha v e

an ob vious ann ual (i.e. lag 12) comp onen t, whic h has already b een remo v ed in

the examples considered here.

Figure 4: F amily and SiZer analysis of tr ends in the dese asonalize d

Cho c olate data. Only the obvious upwar d line ar tr end is flagge d as

signific ant by SiZer. Simple line ar r e gr ession line is shown as the he avy

dashe d line.

The family plot sho ws a strong up w ard trend, driv en b y increasing consump-

tion due to increasing p opulation size. The family of smo oths also suggests some

p oten tial nonlinear trends, ho w ev er, these do not sho w up as significan t in SiZer.

8

Year log10(h)

60 70 80 90

-0.5 0 0.5 1 1.5 60 70 80 90 -2

0

2

Year kilotonnes - LS line

A p oten tial reason for this is that SiZer w orks in terms of slop es, and the large

up w ard sloping linear comp onen t can dro wn out other relativ ely smaller c hanges

in slop e.

T o in v estigate this p ossible “masking effect”, Figure 5 sho ws the result of

applying the family approac h and SiZer to the data in Figure 4, after the least

squares linear fit has b een subtracted. No w the family of smo oths suggests some

rather strong non-stationary trends in the mean of this time series. In particular,

the dip around the y ear 78 is sho wn to b e significan t b y the ligh t region to the

left, and the dark region to the righ t.

The ligh t to gra y to dark regions near the top of the SiZer map suggest some

“coarse resolution shift in the trend”, whic h could b e a result of the gross scale

trend b eing not linear but exp onen tial. This w ould b e in tuitiv ely sensible if this

trend is driv en b y p opulation gro wth. It ma y b e p ossible to find additional sig-

nifican t small scale trends, b y replacing the initial linear fit b y an exp onen tial, or

b y w orking with the logarithm of the data.

Figure 5: F amily and SiZer analysis of tr ends in the dese asonal-

9 ize d, and line arly detr ende d Cho c olate data. This shows that additional

tr ends ar e signific ant, that wer e maske d by the str ong upwar d c omp o-

nent in Figur e 4.

In time series con texts, the lessons of SiZer need to b e tak en with a grain of

salt, b ecause there is an underlying assumption of a smo oth mean curv e, with

indep enden t and iden tically distributed error, whic h is often not a go o d mo del in

time series con texts. An in teresting op en problem is the dev elopmen t of a time

series v ersion of SiZer whic h correctly uses correlation information in its inference

(i.e. the underlying confidence in terv als are adjusted according to the correlation

presen t).

Another in teresting p oten tial time series application of SiZer is to sp ectral

densit y estimation. This is usually accomplished b y smo othing the p erio dogram,

and the same questions of whic h features observ ed in the p erio dogram also arise.

In this con text applications of SiZer will b e straigh tforw ard, since for stationary

time series, the p erio dogram v alues are uncorrelated.

References

[1] Bo wman, A. W. and Azzelini, A (1997) Applie d Smo othing T e chniques for

Data A nalysis, the Kernel Appr o ach with S-plus Il lustr ations , Oxford Statis-

tical Science Series 18, Oxford Science Publications, Oxford.

[2] Bro c kw ell, P . J. and Da vis, R. A. (1991) Time Series: The ory and Metho ds ,

second edition, Springer V erlag, New Y ork.

[3] Chaudh uri, P . and Marron, J. S. (1997) SiZer for exploration of structures in

curv es, North Carolina Institute of Statistics Mimeo Series # 2355.

[4] Chaudh uri, P . and Marron, J. S. (1998) Scale space view of curv e estimation,

North Carolina Institute of Statistics Mimeo Series # 2356.

[5] Cheng M. Y. and Hall, P . (1997) Calibration metho ds for excess mass and

DIP tests of homogeneit y , unpublished man uscript.

[6] F an, J. and Gijb els, I. (1996) L o c al p olynomial mo deling and its applic ations ,

Chapman and Hall, London.

[7] F an, J. and Marron, J. S. (1994) F ast implemen tations of nonparametric curv e

estimators, Journal of Computational and Gr aphic al Statistics , 3, 35-56.

10

[8] Fisher, N. I., Mammen, E. and Marron, J. S. (1994) T esting for m ultimo dalit y ,

Computational Statistics and Data A nalysis , 18, 499-512.

[9] Go o d, I. J. and Gaskins, R. A. (1980) Densit y estimation and bump-h un ting

b y the p enalized maxim um lik eliho o d metho d exemplified b y scattering and

meteorite data (with discussion), Journal of the A meric an Statistic al Asso ci-

ation ,75, 42-73.

[10] Green and Silv erman (1994) Nonp ar ametric R e gr ession and Gener alize d Lin-

e ar Mo dels , Chapman and Hall, London.

[11] Hart, J. D. (1997) Nonp ar ametric Smo othing and L ack-of-Fit T ests , Springer,

New Y ork.

[12] Hartigan, J. A. and Hartigan, P . M. (1985) The DIP test of m ultimo dalit y ,

A nnals of Statistics , 13, 70-84.

[13] Hartigan, J. A. and Mohan t y , S. (1992) The R UNT test from m ultimo dalit y ,

J. Classific ation , 9, 63-70.

[14] Jones, M. C., Marron, J. S. and Sheather, S. J. (1996a) A brief surv ey of

bandwidth selection for densit y estimation, Journal of the A meric an Statis-

tic al Asso ciation , 91, 401-407.

[15] Lindeb erg, T. (1994) Sc ale sp ac e the ory in c omputer vision . Klu w er: Boston.

[16] Mammen, E., Marron J. S. and Fisher, N. I. (1992) Some asymptotics for

m ultimo dalit y tests based on k ernel densit y estimates, Pr ob ability The ory and

R elate d Fields , 91, 115-132.

[17] Mammen, E., Marron, J. S. and Udina, F. (1997) In teractiv e mo de testing,

unpublished man uscript.

[18] Marron, J. S. and Ch ung, S. S. (1997) Presen tation of smo others: the family

approac h, unpublished man uscript.

[19] Marron, J. S. and W and, M. P . (1992) Exact mean in tegrated squared error,

A nnals of Statistics , 20, 712-736.

[20] Minnotte, M. C. (1997) Nonparametric testing of the existence of mo des,

A nnals of Statistics , 25, 1646-1660.

11

[21] Minnotte, M. C. and Scott, D. W. (1993) The mo de tree: a to ol for visu-

alization of nonparametric densit y features, Journal of Computational and

Gr aphic al Statistics , 2, 51-68.

[22] M üller, D. W. and Sa witzki, G. (1991) Excess mass estimates and tests for

m ultimo dalit y , Journal of the A meric an Statistic al Asso ciation , 86, 738-746.

[23] Simonoff, J. S. (1996) Smo othing metho ds in statistics , Springer, New Y ork.

[24] Scott, D. W. (1992) Multivariate density estimation: The ory Pr actic e and

Visualization , Wiley , New Y ork.

[25] W and, M. P . and Jones, M. C. (1995) Kernel Smo othing , Chapman and Hall:

London.

12