SiZer for exploration of structures in curv es

P . Chaudh uri & J. S. Marron

Octob er 7, 1997

Abstract

In the use of smo othing metho ds in data analysis, an imp ortan t ques-

tion is often: whic h observ ed features are “really there?”, as opp osed to

b eing spurious sampling artifacts. An approac h is describ ed, based on scale

space ideas that w ere originally dev elop ed in computer vision literature. As-

sessmen t of SIgnifican t ZERo crossings of deriv ativ es, results in the SiZer

map, a graphical device for displa y of significance of features, with resp ect

to b oth lo cation and scale. Here “scale” means “lev el of resolution”, i.e.

“bandwidth”.

1. In tro duction

Smo othing for curv e estimation in statistics is a useful to ol for dsico v ering features

in data. Some examples of this are sho wn in Figure 1. F or man y more suc h

examples, see e.g. the monographs Silv erman (1986), Eubank (1988), H¨ ardle

(1990), W ah ba (1991), Scott (1992), Green and Silv erman (1994), W and and

Jones (1995) and F an and Gijb els (1996).

[put figure 1 ab out here]

Figure 1: Examples of fe atur es r eve ale d by smo othing. Figur e 1a

shows kernel density estimates, with thr e e differ ent b andwidths h , for

the 1975 Inc ome data. Figur e 1b shows a sc atterplot and lo c al line ar

r e gr ession estimates, with thr e e differ ent b andwidths h , for the F ossil

data, with the r aw data shown as smal l cir cles.

Figure 1a is an example of densit y estimation, where the t ypical goal is to

presen t a densit y f whic h rev eals structure in univ ariate data X

1

, ..., X

n

. The k er-

nel approac h in v olv es cen tering small pieces of probabilit y mass (ha ving a Gaus-

sian shap e here) at eac h data p oin t, using the form ula giv en in (2.1) b elo w. As

seen, the windo w width h con trols the amoun t of smo othing. The data here are

n = 7211 family incomes (rescaled so that the mean is 1) for the y ear 1975, from

the F amily Exp enditure Surv ey in the United Kingdom. See Sc hmitz and Marron

(1992) for detailed discussion and analysis of this data. Note that the midrange

bandwidth, h = 0 . 05 sho ws t w o prominen t mo des, p erhaps an indication of an

economic “class structure”? Ho w ev er, these mo des can made to disapp ear simply

b y using the larger bandwidth h = 0 . 2. Also man y more mo des, whic h are lik ely

to b e spurious sampling artifacts, can b e made to app ear b y using the smaller

bandwidth h = 0 . 0125. Whic h mo des are “really there”? The detailed analysis in

Sc hmitz and Marron (1992) rev eals that the t w o imp ortan t mo des are (p erhaps

surprisingly) imp ortan t features of this data set. That analysis also rev eals an

in teresting shift in the size of these mo des o v er time.

Figure 1b is an example of scatterplot smo othing, also called nonparametric

regression estimation, where biv ariate data ( X

1

, Y

1

) , ..., ( X

n

, Y

n

) are “smo othed”

(e.g. b y a mo ving a v erage) to giv e a curv e whic h can b e view ed as an estimated

conditional mean f ( x ) = E ( Y | X = x ) . The smo oths actually used here are lo cal

linear smo oths, with Gaussian w eigh ts, explicitly defined in (2.2) b elo w. These

ha v e some preferable prop erties as summarized for example in the monographs of

W and and Jones (1995), and F an and Gijb els (1996). Again the windo w width

is crucial to the smo oth, with h = 0 . 3 and 4 . 8 represen ting, resp ectiv ely , sub-

stan tial undersmo othing and o v ersmo othing. The data, pro vided b y T. Bralo w er

of the Univ ersit y of North Carolina, reflect global climate millions of y ears ago,

through ratios of Stron tium isotop es found in fossil shells. The shells are dated

b y biostratigraphic metho ds, see Bralo w er, et. al. (1997), so the Stron tium ratio

can b e studied as a function of time. Both the scatterplots and the smo oths ha v e

relativ ely high ratio for fossils less than 105 million y ears old, ha v e a substan tial

dip with a minim um near 115 million y ears ago, and then p erhaps an increase for

fossils around 120 million y ears old. These features are sho wn nicely b y the larger

bandwidth h = 4 . 8. Ho w ev er, at the dip, this bandwidth seems to b e substan-

tially o v ersmo othing, so there is a go o d c hance that it could b e smo othing a w a y

some features that are “really there”. The bandwidth h = 1 . 2 seems closer to “a

reasonable amoun t of smo othing”, and note that this suggests additional p ossible

features, suc h as an increase from 92 to 95 million y ears ago, and p erhaps a dip around 98 million y ears ago. But the significance of at least this last dip is quite

susp ect, since a lo ok at the data sho ws that it app ears to b e based on only t w o

isolated observ ations.

Both examples in Figure 1 illustrate a ma jor h urdle in the practical use of

smo othing metho ds: whic h features observ ed in a smo oth are “really there”?

Data analysts who are familiar with smo othing metho ds are usually v ery go o d

at answ ering this question (although ev en for them “gra y areas” exist, where

quan tification w ould b e helpful), when they ha v e the time for a careful trial and

error approac h. Ho w ev er, suc h analysts don’t alw a ys ha v e lots of time, and ev en

w orse suc h skilled p eople are all to o often just not a v ailable. In this pap er w e

prop ose a graphical device, the SiZer map, with t w o imp ortan t b enefits. First,

it sp eeds up the pro cess of deciding “whic h features are really there” for the

exp erienced analyst, while at the same time quan titativ ely resolving “gra y area”

problems. Second, it allo ws ev en inexp erienced analysts to mak e inferences ab out

whic h features are “really there”.

Our approac h in v olv es a view of smo othing, and the statistical inference prob-

lem at hand, whic h is radically differen t from most of the literature. The tradi-

tional approac h is to fo cus on a “true underlying curv e”, and do inference ab out

that. In particular, m uc h w ork has b een done on c ho osing the bandwidth from

the data, and man y prop osals ha v e b een made for inference based on confidence

in terv als/bands. F or reasons discussed in detail in Section 6.2, suc h inference has

not b een v ery useful, esp ecially for the problem of finding imp ortan t features. The

main problem is that curv e estimators suffer inheren tly from a bias that is hard to

deal with. This bias is not presen t in classical parametric statistics where one op-

erates under the assumption that a parametric mo del is “truth”. W e b eliev e this

is wh y attempts to extend the classical notion of parametric confidence in terv als

to smo othing seem to ha v e not yielded the same useful results.

Our metho dology is motiv ated b y “scale space” ideas from computer vision,

see Lindeb erg (1994) for an in tro duction and detailed discussion. Our approac h

departs from the classical in t w o w a ys. First w e sim ultaneously study a v ery

wide range of bandwidths, a v oiding the classical need to c ho ose a bandwidth.

This idea is not foreign to go o d data analysts, who kno w w ell that “differen t

useful information can b e a v ailable at differen t lev els of smo othing”. The family

appr o ach of Marron and Ch ung (1997) is one w a y of tapping in to this information,

but do es not address the k ey question of whic h features are “really presen t”.

Our second departure from the classical view, again follo wing scale space ideas

from computer vision, is that w e a v oid the bias problem (in doing inference) b y shifting the fo cus from the “true underlying curv e” to “the true curv e, view ed at

v arying lev els of resolution”. In particular, our inference fo cuses on “smo othed

v ersions of the underlying curv e”, with the idea that this “con tains all the infor-

mation that is a v ailable in the data” when w orking with that bandwidth. Detailed

discussion of this view of smo othing is giv en in Section 2.

In Section 3 our main inferen tial to ol, the SiZer map, is dev elop ed. This

studies features sim ultaneously o v er b oth lo cation, and “scale”, i.e. bandwidth,

b y using a color map, as sho wn in Figure 2. The idea is to highligh t significan t

features, suc h as bumps, b y displa ying where (with resp ect to b oth lo cation and

scale) the curv e significan tly increases and decreases. Note that significan t bumps

will b e at zer o cr ossings of the derivative b et w een regions of significan t increase

and decrease. The name “SiZer” is a shortening of “SIgnifican t ZERo crossings

of deriv ativ es”. The color sc heme is blue (red) in lo cations where the curv e is

significan tly increasing (decreasing, resp ectiv ely), and the in termediate color of

purple is used where the curv e cannot b e concluded to b e either decreasing or

increasing. Here the term “lo cation” is used in the scale space sense of b oth “ x -

lo cation” and also “bandwidth lo cation”. Gra y is used to indicate regions where

the data are to o sparse to mak e statemen ts ab out significance, b ecause there are

not enough p oin ts in eac h windo w, as defined precisely in Section 3.

[put figure 2 ab out here]

Figure 2: Combination of family plots (p arts a and b), and SiZer

maps (p arts c and d) for the data sets in Figur e 1, using level of

signific anc e α = 0 . 05 . Figur es 2a and 2c on the left ar e for the In-

c ome Data, and the imp ortant b andwidth h = 0 . 05 is highlighte d in

b oth plots. Figur es 2b and 2d ar e for the F ossil Data, and again the

imp ortant b andwidth h = 1 . 2 is highlighte d in b oth plots. The dot-

te d curves in the SiZer maps show “effe ctive window widths” for e ach

b andwidth, as intervals r epr esenting ± 2 h (i.e. ± 2 standar d deviations

of the Gaussian kernel).

Note that for b oth sets of data, the family approac h (in the top panels of Figure

2), rev eals p oten tial in teresting structure, in addition to lots of lik ely spurious

structure. P erhaps the w orst spurious structure is in the F ossil data, where the

smallest bandwidth smo oth actually lea v es the range of the data, around 95 and

97 million y ears ago. This is caused b y data sparsit y in that region, and is an

unapp ealing feature of the lo cal linear smo other. See Hall and Marron (1997) for detailed discussion, and access to the literature on v arious fixes that ha v e b een

prop osed. The SiZer maps (in the b ottom panels of Figure 2) for eac h, mak e it

clear whic h structure seen in the family plots is “statistically significan t”, and

whic h cannot b e separated from the natural v ariabilit y .

F or the Income data (Figure 2c), at v ery coarse lev els of resolution (i.e. large

bandwidths), the smo oths are significan tly increasing (shaded blue), and then sig-

nifican tly decreasing (shaded red), meaning that these features are “really there”

at this level of r esolution . F or bandwidths near log

10

( h ) = − 1 . 3, the t w o mo des

b ecome apparen t, and these are b oth seen to b e statistically significan t, b ecause

the shading c hanges from blue ( ↑ ) to red ( ↓ ) to blue ( ↑ ) to red ( ↓ ). Hence, SiZer

giv es the same answ er as w as kno wn to b e correct from the separate analysis dis-

cussed ab o v e. SiZer furthermore suggests that the other features that can b e seen

in the family of smo oths (including the three small bumps near the broader p eak

in the smo oth with the thic k est width in Figure 2a) are just sampling artifacts

b ecause the color is purple in these regions. The gra y areas in eac h lo w er corner

are where the data are to o sparse for SiZer to b e effectiv e, as describ ed in detail

in Section 3.

F or the F ossil data (Figure 2d), at the coarsest lev els of resolution (largest

bandwidths), the smo oth is not far from a simple least squares fit line (since the

windo w is extremely large), although not the same, b ecause SiZer sho ws significan t

decrease up to around 105 million y ears ago, and then no significan t c hange. F or

bandwidths that are less grossly o v ersmo othed, e.g. the bandwidth h = 4 . 8 (note

that log

10

(4 . 8) = 0 . 68) sho wn in Figure 1b, the estimate has no significan t slop e

on the left, is significan tly decreasing in the cen ter, and significan tly increases

on the righ t. When one lo oks at finer lev els of resolution (smaller bandwidths)

the curv e is seen to b e significan tly increasing at around 93 million y ears ago.

Ho w ev er, the dip in the thic k curv e of Figure 2b, ab out 97 million y ears ago, is

sho wn to b e spurious, b ecause this feature is in the gra y area, where there is not

enough data to conclude that this dip is “really there”.

These examples demonstrate the great p oten tial of SiZer as a to ol for data

analysis. More examples to this effect, that also illustrate p oten tial pitfalls are

giv en in Section 4.

Our main ideas can easily b e adapted to man y differen t t yp es of smo othing

metho ds, suc h as smo othing splines, regression splines, or w a v elets. But in this

pap er w e concen trate on k ernel - lo cal p olynomial smo others, b ecause of their

simplicit y and in terpretabilit y , and b ecause of their v ery direct connection to the

scale space ideas from computer vision. There are a v ariet y of other t yp es of extensions of this metho dology , that are probably w orth p oin ting out. These are

discussed in Section 5.

Other approac hes to inference of this t yp e are discussed in Section 6. An

imp ortan t comp etitor is formal mo de tests, review ed in Section 6.1.

2. Scale space viewp oin t

In this section w e in tro duce precise notation, and giv e some discussion of the scale

space view of smo othing. F or m uc h more on this, see Chaudh uri and Marron

(1997).

Kernel densit y estimation uses a random sample X

1

, ..., X

n from a smo oth

probabilit y densit y f ( x ), to estimate f through

^

f

h

( x ) =

1

n n

∑

i =1

K

h

( x − X

i

) , (2.1)

where h is the “bandwidth”, i.e. smo othing parameter, and K

h is the “ h -rescaling”

of the k ernel function K , K

h

( · ) =

1

h

K

(

·

h

)

. The main idea is to “put probabilit y

mass ≈

1

n near eac h X

i

”. As sho wn in Figure 1a, the bandwidth con trols the

amoun t of smo othing,

^

f

h

( x ) is wiggly when h is small, and v ery flat when h is

large. See for example Silv erman (1986), Scott (1992) and W and and Jones (1995)

for discussion of man y imp ortan t prop erties and asp ects of this estimator.

The lo cal linear regression estimate uses a random sample ( X

1

, Y

1

) , ..., ( X

n

, Y

n

)

to estimate the conditional exp ected v alue, i.e. the regression function,

f ( x ) = E ( Y

i

| X

i

= x ) ,

through

^

f

h

( x ) = arg min

a n

∑

i =1

[ Y

i

− ( a + b ( X

i

− x ) ) ]

2

K

h

( x − X

i

) , (2.2)

where arg min

a is in terpreted to mean “minimize join tly o v er a and b , but use the

a v alue”. The main idea is that for eac h x , a line is fitted to the data, using K

h

-

w eigh ted least squares. Again the bandwidth con trols the amoun t of smo othness

of

^

f

h

( x ), as sho wn in Figure 1b. See e.g. the monographs of W and and Jones

(1996) and F an and Gijb els (1995) for discussion of man y prop erties and imp ortan t

asp ects of this estimator.

Scale space ideas from computer vision pro vide a viewp oin t on k ernel smo oth-

ing that is new to statisticians. The “scale space surface”, whic h is the family

of all k ernel smo oths indexed b y the bandwidth h , is a mo del used in computer

vision. The essen tial idea is that large h mo dels “macroscopic (distan t) vision”

where “only large scale features can b e resolv ed”, and small h mo dels “micro-

scopic (zo omed in) resolution of small scale features”. In particular, for a giv en

function f (i.e. underlying signal) v arious amoun ts of “blurring of the signal” (at

least some is presen t in an y real visual system) are represen ted b y the con v olution

f ∗ K

h for differen t v alues of h . In fact this family of con v olutions b ecomes the

fo cus of the analysis, with the idea that this is all that is a v ailable from a finite

amoun t of data in the presence of noise. See Lindeb erg (1994) for details, and

a large amoun t of in teresting discussion. This is v ery differen t from the classical

statistical approac h, where the fo cus is f .

Examples of “features” in curv e estimation, include p eaks and v alleys. These

can b e c haracterized in sev eral w a ys. In this pap er w e fo cus on zero crossings of

the deriv ativ e. W e sa y a zero crossing is “significan t” when the deriv ativ e estimate

is significan tly differen t from zero on b oth sides, with opp osite signs, e.g. as sho wn

b y blue and red areas in Figures 2c and 2d.

When these zero crossings of the smo oth deriv ativ e estimates are studied across

a range of bandwidths, the Gaussian k ernel K ( x ) =

1

√

2 π e

− x

2

/ 2

has an imp ortan t

adv an tage o v er other k ernels. In particular, for con v olution smo others, the n um-

b er of zero crossings of the deriv ativ e smo oth is alw a ys a decreasing function of

h (not true for an y other k ernel used for k ernel smo othing). In other w ords, only

Gaussian blurring has monotonicit y of features with resp ect to the amoun t of

smo othing. Sev eral w a ys to see this are giv en in Lindeb erg(1994). In teresting re-

lated references in the statistical literature include Silv erman (1981) and Minnotte

and Scott (1993). Hence, only the Gaussian k ernel is used in this pap er.

The main p oin t of this pap er is the dev elopmen t of color maps as sho wn in

Figures 2c and d, called “SiZer maps”, whic h can b e used for exploratory data

analysis, that sho w regions in scale space (i.e. with resp ect to b oth x and h )

where the deriv ativ e is significan tly increasing and decreasing. As discussed in

Section 6.2, classical approac hes to significance of features, based on confidence

bands, either are m uc h to o conserv ativ e for useful inference, or else are grossly

in v alid, b ecause of bias problems. In this pap er w e tak e a no v el approac h to this

old bias problem, b y adopting the scale space p oin t of view. In particular, instead

of seeking confidence in terv als for f

′

( x ), w e seek confidence in terv als for the scale

space v ersion f

′

h

( x )

△

= E

^

f

′

h

( x ) (for regression w e tak e this E to b e conditional on

X

1

, ..., X

n

). The cen ter p oin t of suc h in terv als is automatically “correct”, and the

v ariance is estimated simply and effectiv ely , as detailed b elo w. F rom this p oin t of

view “significance” of an y feature dep ends on the scale of resolution (i.e. on h ),

and m ust b e in terpreted in that w a y . E.g. in Figure 2c, w e see that the bimo dal

structure is presen t at some lev els of resolution, but disapp ears at coarser lev els

(i.e. there is only one mo de at large bandwidths).

Note that this approac h is rather differen t from traditional mo de testing. In

particular, the SiZer map not only coun ts the n um b er of significan t mo des, at

differen t lev els of resolution, but also giv es information ab out mo de lo cations.

There is a trade off though, in that the SiZer map tends to b e more conserv ativ e

than mo de tests whic h sp ecifically target the n um b er of mo des, see Section 4.

3. Dev elopmen t of SiZer

Our approac h to the visual assessmen t significance of features suc h as p eaks and

v alleys in a family of smo oths

{

^

f

h

( x ) : h ∈ [ h

min

, h

max

]

}

, is based on confidence

limits for the deriv ativ e in scale space, f

′

h

( x ) (c hoice of h

min and h

max is discussed

in section 3.1). Beha vior at x and h lo cations is presen ted via the SiZer color

map where blue (blac k in v ersions where only blac k and white are a v ailable)

indicates lo cations where

^

f

′

h

( x ) is significan tly p ositiv e, red (white in blac k-white

v ersions) sho ws where

^

f

′

h

( x ) is significan tly negativ e, and purple (gra y in blac k-

white v ersions) indicates where

^

f

′

h

( x ) is not significan tly differen t from zero.

Because rep eated calculation of smo others is required for suc h color maps,

fast computational metho ds are v ery imp ortan t. Binned (also called “W ARP ed”)

metho ds are natural for this, b ecause the data need only b e binned once. See

F an and Marron (1994) for detailed discussion of this, and other fast computation

metho ds. The main idea is that calculation of

^

f

′

h

( x ) b ecomes a rapidly computed

discrete con v olution when the data are appro ximated b y bin coun ts on an equally

spaced grid, whic h can result in sp eed sa vings of factors of 100 (for larger sample

sizes). F or the reasons discussed in F an and Marron (1994) w e use g = 401 grid

p oin ts for most examples in this pap er, although in some situations other v alues

can b e desirable as discussed b elo w.

Confidence limits for f

′

h

( x ) are of the form

^

f

′

h

( x ) ± q ·

^

sd

(

^

f

′

h

( x )

)

, (3.1)

where q is an appropriate quan tile, and the standard deviation is estimated as

discussed in section 3.1. An ( x, h ) lo cation (in scale space) is called significan tly increasing, decreasing, or not significan t, when zero is b elo w, ab o v e or within these

confidence limits, resp ectiv ely .

Candidates for calculation of the quan tile q include:

1. P oin t wise, Gaussian quan tiles: q

1

( h ) = q

1

= Φ

− 1

(

1 − α

2

)

.

2. Appro ximate sim ultaneous o v er x , Gaussian quan tiles: based on “n um b er

of indep enden t blo c ks”, defined as q

2 b elo w.

3. Bo otstrap sim ultaneous o v er x , defined as q

3 b elo w.

4. Bo otstrap sim ultaneous o v er x and h , defined as q

4 b elo w.

While Gaussian appro ximations w ork ed quite w ell (b ecause smo others are lo cal

a v erages), the p oin t wise quan tiles q

1 are not recommended. This is b ecause this

v ersion of the SiZer map suggests that to o man y features are “significan t”, as

sho wn in Figure 3.

[put figure 3 ab out here]

Figure 3: F or a simulate d data set, of size n = 100 , fr om the Marr on-

Wand density #3: Figur e 3a shows the family appr o ach, overlaid with

the true underlying density (thick yel low curve); Figur e 3b shows p oint-

wise SiZer; Figur e 3c shows simultane ous SiZer with no gr ay shading

for sp arse data r e gions; Figur e 3d shows appr oximate simultane ous

SiZer with sp arse data r e gions shown in gr ay.

Eac h panel in Figure 3 is for the same sim ulated data set of size n = 100 from

the densit y #3 of Marron and W and (1992). This densit y is sho wn as the hea vy

y ello w curv e in Figure 3a. It is a mixture of eigh t normals, in tended to reflect

m uc h of the structure presen t in the log normal distribution: a single large p eak,

with a v ery long righ t tail. As sho wn in the family of smo oths, based on the single

data set, in Figure 3a, this densit y is c hallenging to estimate. In particular, small

windo w widths are most appropriate near the p eak to a v oid smo othing that do wn

to to o lo w a lev el, but large bandwidths are more sensible in the tail to smo oth

out the spurious clusters that arise just b y c hance. The p oin t wise SiZer map,

sho wn in Figure 3b, incorrectly indicates that some of these spurious clusters

are “significan t”, e.g. the p eaks near x = − 1 . 7, − 1 . 4 and 0 . 6. The problem

is understo o d via the classical frequen tist in terpretation of Confidence In terv als:

lo oking at man y replications should result in roughly prop ortion α in terv als whic h

do not “co v er the true v alue”. A natural solution to the problem is to adjust the

length of the in terv als to do “sim ultaneous inference”, whic h is the goal of the

other approac hes to q men tioned ab o v e, whic h are discussed in detail b elo w. The

appro ximate sim ultaneous approac h is sho wn in Figure 3c, where these spurious

mo des are no w shaded correctly as purple. Ho w ev er, this v ersion has a curious

red strip e in the lo w er left corner, that w e ha v e not fully understo o d. W e ha v e

not carefully analyzed this, b ecause it is in a region in scale space where the data

are v ery sparse. Both b ecause of effects lik e this, and also b ecause w e don’t trust

confidence in terv als that are based on to o few p oin ts, regions in scale space where

the data are to o sparse for meaningful inference are gra y ed out. Based on the

classical rule of th um b, a lo cation gra y is shaded gra y when the “effectiv e sample

size in the windo w” (defined b elo w) is less than 5. This giv es the map sho wn in

Figure 3d.

Our first suggestion, q

2

, for appro ximate sim ultaneous confidence limits is

based on the fact that when x and x

′

are sufficien tly far apart, so that the k ernel

windo ws cen tered at x and x

′

are essen tially disjoin t, the estimates

^

f

′

h

( x ) and

^

f

′

h

( x

′

) are essen tially indep enden t, but when x and x

′

are close together, the es-

timates are highly correlated. The sim ultaneous confidence limit problem is then

appro ximated b y m indep enden t confidence in terv al problems, where m reflects

the “n um b er of indep enden t blo c ks”. W e estimated m through an “estimated

effectiv e sample size”, defined for eac h ( x, h ) as

E S S ( x, h ) =

∑

n

i =1

K

h

( x − X

i

)

K

h

( 0 )

.

Note that when K is a uniform (i.e. b o xcar) k ernel, E S S ( x, h ) is the n um b er of

data p oin ts in the k ernel windo w cen tered at x . F or other k ernel shap es, p oin ts

are do wn w eigh ted according to the heigh t of the k ernel function, just as they are

in the a v erages represen ted b y the k ernel estimators. Next w e c ho ose m to b e

essen tially the n um b er of “indep enden t blo c ks of a v erage size a v ailable from our

data set of size n ”,

m ( h ) = n

av g

x

E S S ( x, h )

.

No w assuming indep endence of these m ( h ) blo c ks of data, the appro ximate sim ul-

taneous quan tile is

q

2

= q

2

( h ) = Φ

− 1

(

1 + (1 − α )

1 /m

2

)

.

The quan tit y E S S is also useful to highligh t regions where the normal appro x-

imation implicit in (3.1) could b e inadequate. This pla ys a role similar to np in

the Gaussian appro ximation to the Binomial. So regions where E S S ( x, h ) < n

0

(w e ha v e follo w ed the standard practice of n

0

= 5 at all p oin ts here) are shaded

gra y , to rule out spurious features, and also to indicate regions where the smo oth

is essen tially based on sparse data as sho wn in Figure 3d. The ab o v e calculation

of the blo c k size m ( h ) is mo dified to a v oid problems with small E S S as

m ( h ) = n

av g

x ∈ D

h

E S S ( x, h )

,

where D

h is the set of x lo cations where the data are “dense”,

D

h

= { x : E S S ( x, h ) ≥ n

0

}

These appro ximate sim ultaneous confidence limits are somewhat crude, and

also are only sim ultaneous o v er x , not h . T o impro v e them, w e explored sev eral

classical m ultiv ariate normal sim ultaneous confidence sets (b oth elliptical and

rectangular). These are based on the standard principal comp onen t analysis.

Unfortunately , they tended to b e far to o conserv ativ e, b ecause the orien tation

of the usual confidence sets along the eigen v ector directions ga v e a region that

did not efficien tly pro ject bac k to confidence in terv als for f

′

h

( x ) for eac h x . The

pro jections, i.e. the resulting confidence in terv als, tended to b e far to o long to

find imp ortan t features.

Sim ultaneous confidence sets whic h are h yp ercub es, whose edges are parallel

to the axes, with lengths of the form (3.1), are m uc h b etter orien ted to reflect

significance of our deriv ativ e estimates. The direct calculation of the probabilities

of suc h rectangular sets in high dimensions is v ery difficult for these highly cor-

related normal distributions. Since sim ulation is the only tractable approac h, it

is natural to use the more direct metho d of the b o otstrap (i.e. sim ulate from the

empirical distribution of the data, instead of from the appro ximating Gaussian).

F or eac h b o otstrap sample (i.e. random sample dra wn with replacemen t from the

data, see Efron and Tibshirani (1993) for an in tro duction to b o otstrap ideas),

w e compute

^

f

′

h

( x )

∗

(again a fast implemen tation is crucial), and the standardized

v ersion

Z

∗

( x, h ) =

^

f

′

h

( x )

∗

−

^

f

′

h

( x )

sd (

^

f

′

h

( x ))

.

F or eac h h , the b o otstrap quan tile q

3

= q

3

( h ) that is sim ultaneous o v er x (where

the data are reasonably dense) is the empirical quan tile of max

x ∈ D

h

| Z

∗

( x, h ) | cal-

culated o v er the b o otstrap replications. Similarly , the b o otstrap quan tile q

4

, that is sim ultaneous o v er b oth x and h is the empirical quan tile of max

h max

x ∈ D

h

| Z

∗

( x, h ) |

tak en o v er the b o otstrap replications.

Study of man y SiZer maps based on q

2

, q

3 and q

4 sho w ed that in man y cases

there w as not a lot of difference b et w een the “quic k and appro ximate” quan tile q

2

and the b o otstrap quan tile q

3 that is sim ultaneous o v er x . As exp ected, somewhat

few er features generally app eared as significan t for q

4

, the b o otstrap v alue that is

sim ultaneous o v er b oth x and h , although surprisingly often q

4 w as quite similar

to q

2 and q

3

. The maps based on differen t c hoices for q w ere most similar for ex-

amples that w ere “homogeneous in x ”, meaning either equally spaced regression,

or else densit y estimation examples where the lo cal a v erage heigh t of the den-

sit y is roughly homogeneous. This is b ecause there is an implicit “homogeneit y

assumption” made b y q

2 that is a reasonable appro ximation in this case.

An example where this homogeneit y is lac king (th us giving in teresting differ-

ences) is the Income data set, from Figures 2a and 2c. SiZer maps based on the

b o otstrap quan tiles q

3 and q

4 are sho wn in Figure 4.

[put Figure 4 ab out here]

Figure 4: SiZer maps for the Inc ome Data. Base d on 1000 b o otstr ap

r eplic ations. Quantiles ar e: q

3 p ointwise over h in the top p anels, and

q

4 simultane ous over h in the b ottom p anels. Signific anc e levels ar e

α = 0 . 05 in the left p anels, α = 0 . 10 in the c enter p anels and α = 0 . 20

in the right p anels.

The SiZer map for q

3 with α = 0 . 05, sho wn in Figure 4a is fairly similar to

that for q

2 sho wn in Figure 2c, except the lo w er righ t red region ab o v e x = 0 . 4 is

quite a bit thinner. That red region actually disapp ears for the fully sim ultaneous

SiZer map based on q

4 with α = 0 . 05 sho wn in Figure 4d. This sho ws that the

q

4

SiZer map can b e rather conserv ativ e, b ecause it do es not sho w that there

are t w o significan t mo des here (at the lev el α = 0 . 05), although these ha v e b een

v erified b y other means. But when the lev el of significance is raised to α = 0 . 10 as

sho wn in Figure 4e, the red region reapp ears, so b oth mo des are no w statistically

significan t in this sense. Note that for b oth q

3 and q

4

, as α increases, the red and

blue regions gro w, as exp ected.

Because the b o otstrap v ersions of SiZer are m uc h slo w er to compute, w e sug-

gest using q

2 for a first lo ok at the data. This v ersion of SiZer is called SiZer1 in

our soft w are, a v ailable from the URL:

http://hotelling.stat.unc.edu/faculty/marron/marron software.html

But when there are an y doubts (there should b e more doubts in settings that are

not homogeneous in x ), w e recommend that q

3 and q

4

(implemen ted in SiZer5 in

our soft w are) b e used for v erification. While q

4 is our only pro cedure that giv es a

rigorous test of significance of features, it is also generally somewhat conserv ativ e,

so w e recommend that features found in q

2 or q

3

SiZer maps, that don’t app ear

in the q

4 v ersion, b e indep enden tly in v estigated b y a “mo de testing metho d”, see

Section 6.1. F or example, the mo de test of Fisher and Marron (1997) sho ws that

the existence of t w o mo des in the Income data can b e established with α < 0 . 01,

b y a test whic h fo cuses explicitly on n um b er of mo des. Da vid Scott has p oin ted

out that the SiZer map can b e view ed as an “enhancemen t” of the mo de tree of

Minotte and Scott (1993) .

Bo otstrap theory suggests impro v emen t b y a “studen tized mo dification”, see

e.g. Hall (1992), (or other metho ds, see e.g. Efron and Tibshirani (1993)). Suc h

metho ds ha v e not b een implemen ted here, b ecause they in v olv e recalculation of

the v ariance estimate for eac h b o otstrap sample, whic h w ould en tail substan tial

computational cost.

3.1. Numerical Implemen tation

The bandwidth range [ h

min

, h

max

] can b e c hosen in sev eral w a ys. One approac h

is a “broad range of smo oths whic h should catc h most in teresting features”, as

dev elop ed in the “family approac h to smo othing” in Marron and Ch ung (1997).

Another approac h is “a v ery wide range of smo oths”, whic h is determined more

b y the curv e estimation setting, than the data. In the examples of this pap er, w e

ha v e used the latter, and w e to ok h

min to b e the smallest bandwidth for whic h

there is no substan tial distortion in construction of the binned implemen tation of

the smo other, h

min

= 2 ∗ (bin width), and to ok h

max to b e the range of the data.

3.1.1. Densit y Estimation Sp ecifics

The main idea b ehind the calculation of

^

sd in this con text, is that the deriv ativ e

estimator

^

f

′

h

( x ) is an a v erage (of the deriv ativ e k ernel functions), so w e use the

corresp onding sample standard deviation,

^

v ar

(

^

f

′

h

( x )

)

= ^

v ar ( n

− 1

∑

n

i =1

K

′

h

( x − X

i

) )

= n

− 1

s

2

( K

′

h

( x − X

1

) , ..., K

′

h

( x − X

n

) ) ,

where s

2

is the usual sample v ariance of n n um b ers.

Details of the binned implemen tation of

^

f

′

h

( x ) are similar to those giv en in F an

and Marron (1994), except that the k ernel is no w replaced b y the deriv ativ e of

the k ernel. In particular, for the equally spaced grid of p oin ts { x

j

: j = 1 , ..., g } ,

let the corresp onding bincoun ts (computed b y some metho d, w e ha v e alw a ys used

the “linear binning” describ ed in F an and Marron (1994)) b e { c

j

: j = 1 , ..., g } .

Then

^

f

′

h

( x

j

) ≈ n

− 1

S

′

0

( x

j

) ,

where

S

′

0

( x

j

) = g

∑

j

′

=1 κ

′

j − j

′ c

j

′ (3.2)

and

κ

′

j − j

′

= K

′

h

( x

j

− x

j

′ ) . (3.3)

T o similarly appro ximate

^

sd , use

^

sd ( x

j

) = n

− 1 / 2

n

− 1 g

∑

j

′

=1

(

κ

′

j − j

′

)

2

c

j

′ −

(

^

f

′

h

( x

j

)

)

2

.

3.1.2. Regression estimation sp ecifics

W e prefer the lo cal linear smo other (to a n um b er of other sensible smo others)

b ecause the deriv ativ e estimate is the simple and app ealing slop e of the lo cal line.

See e.g. W and and Jones (1995) and F an and Gijb els (1996) for further discussion.

See F an and Marron (1994) for a fast binned implemen tation of the lo cal linear

smo other.

Our prop osed

^

sd is motiv ated b y the fact that the deriv ativ e estimator is a

w eigh ted sum of the observ ed resp onses, and w e essen tially use the conditional

(giv en X

1

, ..., X

n

) w eigh ted sample v ariances,

v ar

(

^

f

′

h

( x ) | X

1

, ..., X

n

)

= v ar

(

n

− 1 n

∑

i =1

W

h

( x, X

i

) Y

i

| X

1

, ..., X

n

)

= n

∑

i =1 σ

2

( Y

i

| X

i

) ( W

h

( x

,

X

i

) )

2

.

T o estimate σ

2

( Y

i

| X

i

) w e use a simple smo oth of the residuals, e.g.

^

σ

2

( Y | X = x ) =

∑

n

i =1

^

e

2

i

K

h

( x − X

i

)

∑

n

i =1

K

h

( x − X

i

)

.

where ^

e

i

= Y

i

−

^

f

h

( X

i

).

The quotien t rule form of the deriv ativ e estimate, based on differen tiating

the lo cal linear estimate is particularly unpleasan t, so w e ha v e a strong p ersonal

preference for the deriv ativ e estimate based on the slop e of the linear fit:

^

f

′

h

( x ) = arg min

b n

∑

i =1

[ Y

i

− ( a + b ( X

i

− x ) ) ]

2

K

h

( x − X

i

) , (3.4)

where a similar con v en tion to that of (3.4) is used. An efficien t binned appro xi-

mation of this lo cal linear deriv ativ e estimate

^

f

′

h

( x ) is

^

f

′

h

( x

j

) ≈

T

1

( x

j

) − T

0

( x

j

) X ( x

j

)

S

2

( x

j

) − 2 S

1

( x

j

) X ( x

j

) + S

0

( x

j

) X ( x

j

)

2

,

where the notations

S

ℓ

( x

j

) =

∑

g

j

′

=1 κ

j − j

′ c

j

′ x ℓ

j

′

,

T

ℓ

( x

j

) =

∑

g

j

′

=1 κ

j − j

′ Y

Σ

j

′ x ℓ

j

′

,

X ( x

j

) = S

1

( x

j

) / S

0

( x

j

) ,

(3.5)

ha v e b een used together with

κ

j − j

′ = K

h

( x

j

− x

j

′ ) . (3.6)

and Y

Σ

j

′ for the bin sums of the Y

i

.

A binned appro ximation to ^

σ

2

( Y | X = x

j

), based on calculations familiar from

simple linear regression is:

^

σ

2

( Y | X = x

j

) ≈

(

1 − ^

ρ ( x

j

)

2

)

^

σ ( x

j

)

2

,

where

^

σ ( x

j

)

2

=

U

0

( x

j

)

S

0

( x

j

)

−

(

T

0

( x

j

)

S

0

( x

j

)

)

2

,

^

ρ ( x

j

)

2

=

(

^

f

′

h

( x

j

)

)

2

(

S

2

( x

j

) − 2 S

1

( x

j

) X ( x

j

)+ S

0

( x

j

) X ( x

j

)

2

^ σ ( x

j

)

2

S

0

( x

j

)

)

,

(3.7)

using the notation (3.5) and

U

0

( x

j

) = g

∑

j

′

=1 κ

j − j

′ Y

2Σ

j

′

,

for Y

2Σ

j

′ denoting the bin sums of the Y

2

i

. Our binned appro ximation to the

conditional v ariance is no w

v ar

(

^

f

′

h

( x

j

) | X

1

, ..., X

n

)

≈

V

2

( x

j

) − 2 V

1

( x

j

) X ( x

j

) + V

0

( x

j

) X ( x

j

)

2

(

S

2

( x

j

) − 2 S

1

( x

j

) X ( x

j

) + S

0

( x

j

) X ( x

j

)

2

)

2

, where

V

ℓ

( x

j

) = g

∑

j

′

=1 κ

j − j

′ c

j

′ x ℓ

j

′

^

σ

2

( Y | X = x

j

′ ) ,

and the notations (3.5), (3.6) and (3.7) ha v e b een used. This results in

^

sd ( x

j

) =

√

v ar

(

^

f

′

h

( x

j

) | X

1

, ..., X

n

)

.

4. More applications and examples

In this section, additional examples illustrating b oth the usefulness of SiZer, and

also some p oten tial pitfalls, are presen ted.

The Hidalgo Stamp data set w as brough t to the mo de testing literature b y

Izenman and Sommer (1988). This is a univ ariate data set consisting of the

thic knesses of stamps, issued in Mexico during the last cen tury . These thic knesses

ha v e a remark able amoun t of v ariabilit y and clustering, whic h suggests a n um b er

of sources for the pap er. An in teresting philatelic question is to determine the

n um b er of pap er sources, whic h w as addressed b y Izenman and Sommers (1988)

via nonparametric densit y estimation. Figure 5 analyzes these data with the

family approac h and SiZer.

[put Figure 5 ab out here]

Figure 5: F amily plot (p art a) and SiZer maps, b ase d on 401 grid

p oints (p art b), 81 grid p oints (p art c), and 201 grid p oints (p art d),

for the Hidalgo Stamp data. The She ather Jones Plug In b andwidth is

the thick curve in the family plot, and c orr esp onds to the highlighte d

horizontal b ar. The SJPI b andwidth suggests seven mo des, but not al l

ar e “signific ant” fr om the SiZer p oint of view.

The thic k curv e in Figure 5a is a k ernel densit y estimate using the Sheather

Jones Plug In bandwidth, as recommended e.g. in Jones, Marron and Sheather

(1996a,b). This suggests sev en mo des in the data (i.e. at least sev en sources for

the pap er), whic h agrees with the findings of Izenman and Sommers (1988), and

some others. The SiZer map in Figure 5b sho ws that the t w o largest mo des, at

0.072 mm and 0.079 mm are indeed significan t, as is the mo de at 0.1 mm. The

mo de at 0.09 mm is less certain, as SiZer finds a significan t increase on the left,

but no significan t decrease on the righ t. Similarly for the mo de at 0.11 mm, where there is only a significan t decrease. SiZer completely misses the mo des at 0.12

mm and 0.13 mm, but the existence of these is p erhaps debatable. If one has a

priori kno wledge that no pap er source has a v ery wide v ariance, then one ma y

b e able to b eliev e these are actual mo des. Ho w ev er if one accepts the p ossibilit y

of a hea vy tailed distribution, then the family plot suggests these could b e just

random clustering in suc h a hea vy tail. Also note the thic k densit y estimate is

hea vily in to the gra y region of the SiZer map, whic h sa ys the data are v ery sparse

in this region, whic h also casts doubt on these mo des, from this p oin t of view.

Note that at the finest lev el of resolution (smallest bandwidth), the SiZer

map in Figure 5b suggests the existence of more “mo des” b et w een 0.068 and

0.083. This is caused b y the data b eing hea vily rounded, to 0.001 mm, whic h

results in man y replicate v alues in regions where the data are dense. When suc h

rounded data are binned to 401 bins o v er this range, i.e. a bin width of 0.0002,

there are a n um b er of bins whic h receiv e no observ ations. When these bincoun ts,

whic h alternate b et w een zero and v ery large n um b ers (b ecause of the rounding)

are smo othed with a v ery small bandwidth, one gets a k ernel estimate whic h

significan tly increases and decreases, as sho wn. In this sense, these feature are

“really there”, although the only conclusion is that the data ha v e b een rounded.

W e ha v e seen this same phenomenon in other data sets. A natural solution is

that in Figure 5c, where the n um b er of gridp oin ts is reduced to g = 81, whic h

mak es eac h rounded data v alue a bin cen ter. Unfortunately the hea vy rounding

in the data en tails a SiZer map whic h misses some of the most in teresting lev els of

smo othing, suc h as the Sheather Jones Plug In bandwidth. The problem is fixed

in Figure 5d, b y going to g = 201. Note that this SiZer map has all the same

imp ortan t features as in Figure 5b.

Next w e study the p erformance of SiZer in some sim ulation settings, whic h

highligh t the w a y that SiZer “displa ys the information a v ailable in the data”.

The first of these is sho wn in Figure 6, where w e study the effect of increasing

sample size n , i.e. increasing “information in the data”, in densit y estimation.

[put figure 6 ab out here]

Figure 6: T op p anels ar e family plots, and b ottom p anels ar e c orr e-

sp onding SiZer maps, for kernel density estimates, b ase d on simulate d

data, fr om the Marr on and Wand density #9, “T rimo dal”, shown as

the thick yel low curve in the family plots. Sample sizes ar e n = 100

in p arts a and c, n = 1000 in p arts b and e and n = 10 , 000 in p arts

c and f. The thick r e d curve in the family plots is the She ather Jones

Plug In b andwidth, which is the highlighte d horizontal b ar in the SiZer

maps.

The family plot, in com bination with the Sheather Jones Plug In bandwidth,

for n = 100 suggests no significan t mo dal structure in the data. This is also

reflected in the SiZer map. There is just not enough data to resolv e ev en the

t w o larger mo des that are presen t in the underlying densit y . F or n = 1000, the

situation is differen t, and no w the t w o large mo des are clearly presen t in the data.

More in teresting is the third cen tral mo de. It is not clear from the family plot if

this is significan t, the Sheather Jones Plug In bandwidth suggests this is dubious,

and the SiZer map confirms this is not significan t. F or n = 10 , 000 the family

plot sho ws that w e ha v e a great deal of information ab out this densit y , and can

estimate it extremely w ell. The SiZer plot v erifies this, sho wing that all three

mo des are clearly presen t.

There are also some in teresting o v erall trends presen t, that can b e exp ected

in general. F or example, as n gro ws, the gra y area diminishes, and tends to b e

replaced b y purple. The purple areas also tend to b e ev en tually replaced b y either

red or blue, b oth from b elo w, and also in the b oundary regions.

Increasing information in regression is in v estigated in Figure 7, but this time

the “information in the data increases” through decreasing the error v ariance,

rather than increasing sample size.

[put Figure 7 ab out here]

Figure 7: T op p anels ar e family plots, and b ottom p anels ar e c or-

r esp onding SiZer maps, for lo c al line ar r e gr ession estimates, b ase d on

n = 200 simulate d data, shown as gr e en dots, fr om an e qual ly sp ac e d

design, and the r e gr ession curve shown as the yel low thick curve in the

top p anels. Simulate d err ors ar e indep endent Gaussian, with standar d

deviations: σ = 0 . 02 in p arts a and d, σ = 0 . 18 in p arts b and e,

and σ = 0 . 66 in p arts c and f. The thick r e d curve is the R upp ert,

She ather, Wand Dir e ct Plug In b andwidth, which is highlighte d in the

c orr esp onding SiZer maps.

F or the v ery lo w noise case, σ = 0 . 02, the data con tain a lot of information

ab out the underlying regression curv e, so the Rupp ert, Sheather, W and band-

width (see Rupp ert, Sheather and W and (1995) for detailed description) and the

undersmo othed mem b ers of the family are all essen tially the same as the target curv e. The SiZer map sho ws that all features of the target curv e are significan t,

for a wide range of differen t resolutions (i.e. bandwidths). Ev en the “flat sp ot”

near x = 0 . 6, whic h is not easy to find in the smo oths, sho ws up as purple. When

the noise lev el is increased substan tially to σ = 0 . 18, the family plot sho ws that

the estimation problem is no w harder, and the SiZer map sho ws few er significan t

features. Ho w ev er, the regions of increase are still significan t, and t w o regions

of decrease still app ear, although at differen t lev els of resolution. Increasing the

noise still further, to σ = 0 . 66, results in a v ery c hallenging estimation problem,

and no w SiZer do es not indicate an y of the decreases, and only one of the t w o

increases as b eing significan t. The family plot sho ws this is reasonable, b ecause

the noise lev el is so high. The Rupp ert, Sheather, W and bandwidth suggests a

decrease (although it completely misses the small v alley at x = 0 . 8), but it is not

clear with this noise lev el that it is significan t, and SiZer sho ws it is not.

SiZer is also useful ev en in settings where the underlying target curv e is not

smo oth, and in fact is quite useful at highligh ting “jumps”. This is sho wn in

Figure 8, where Donoho and Johnstone’s Blo c ks function (famous from man y

pap ers on w a v elets) is used as a regression target, but the added Gaussian noise

is larger than is t ypical in w a v elet examples. Note that the lo cations of eac h jump

is highligh ted b y colored streaks (blue for up and red for do wn) that reac h all the

w a y to the b ottom of the SiZer map. The streaks are caused b y the fact that ev en

at v ery small bandwidths, the estimates are significan tly c hanging at these p oin ts.

This phenomenon app eared in a n um b er of other examples w e ha v e studied where

the target curv e has jump discon tin uities. These indicated jumps could b e used

to construct a step function estimator with m uc h b etter prop erties than the usual

w a v elet estimators for this example.

[put Figure 8 ab out here]

Figure 8: F amily plot and SiZer map, for lo c al line ar r e gr ession,

b ase d on n = 1024 simulate d data, shown as gr e en dots, fr om an

e qual ly sp ac e d design, and the Donoho-Johnstone Blo cks r e gr ession

curve shown as the yel low thick curve in Figur e 8a. Simulate d er-

r ors ar e indep endent Gaussian, with standar d deviations: σ = 0 . 05 .

The thick r e d curve in Figur e 8a is the R upp ert, She ather, Wand Di-

r e ct Plug In b andwidth, which is highlighte d in the SiZer map in Figur e

8b.

5. F uture researc h directions

In this section w e discuss a n um b er of future researc h directions, that are moti-

v ated b y SiZer.

5.1. Lo cal lik eliho o d

Geroge T errell has p oin ted out that for densit y estimation, and for sp ecial t yp es

of regression suc h as logistic regression, symmetric confidence in terv als suc h as

those prop osed here can b e impro v ed up on, using con text sp ecific information. W e

suggest a lo cal lik eliho o d approac h to this. Lo cal lik elho o d is a smo othing metho d

whic h is more efficien t than simple k ernel metho ds in some cases, for example

discrete resp onse v ariables. See Tibshirani and Hastie (1987), Stanisw allis (1989),

Chaudh uri and Dew anji (1995) and F an, Hec kman and W and (1995) for detailed

discussion and more references. W e an ticipate that SiZer ma y b e extended in a

fairly straigh tforw ard w a y to this imp ortan t smo othing con text.

5.2. Handling dep endency

In nonparametric regression, our curren t SiZer dev elopmen t assumes indep enden t

errors, whic h is not alw a ys realistic, for example in time series con texts. But SiZer

has the p oten tial to b ecome an imp ortan t to ol in suc h con texts where “significance

of trends” is often an imp ortan t issue. W e b eliev e that suc h applications will

require appropriate mo deling of the error structure, e.g. b y some ARMA of ev en

long range dep enden t mo dels, b efore useful inference can b e done.

5.3. T esting other t yp es of h yp otheses

SiZer fo cuses on regions where the deriv ativ es are significan tly increasing and

decreasing, but for some situations other asp ects of the underlying curv e, suc h as

the second deriv ativ e, of ev en the curv e itself could b e more appropriate to study

in this w a y . V ariations of SiZer could also b e used to address other problems, suc h

as whether or not t w o curv es are significan tly differen t.

5.4. Other estimation settings

Smo othing is useful in other settings b esides just densit y and regression estima-

tion. F or example, SiZer can b e extended to estimation of the hazard function, and other functions app earing in surviv al analysis. Another in teresting extension

w ould b e to v arious censored data con texts.

5.5. Lo cal bandwidth selection

A separate p oten tial application of SiZer is to the old field of lo cation v arying

bandwidth selection. The need for this is demonstrated in Figure 9, where the

family approac h sho ws that one w ould prefer a smaller bandwidth on the righ t,

where the underlying densit y has finer features, and a larger bandwidth on the left,

where the densit y has less curv ature. The Sheather Jones Plug In bandwidth do es

a reasonable job with the fatter p eaks, but could b e m uc h impro v ed on the smaller

p eaks. In particular, SiZer sho ws that the smaller p eaks really are significan t, but

only at a finer lev el of resolution (smaller bandwidth). Ho w ev er, while the need for

it has b een clearly understo o d, data based lo cal bandwidth selection has pro v en

to b e a v ery c hallenging problem. In particular the sim ulation study of F armen

(1996) and F armen and Marron (1997) sho ws that most of the a v ailable metho ds

do not fare m uc h b etter o v erall than the simple global bandwidth c hosen b y the

Sheather Jones Plug In metho d. A lik ely in tuitiv e explanation for this is that lo cal

bandwidth selectors essen tially require kno wledge of the lo cal curv ature, whic h is

v ery hard to estimate.

[put Figure 9 ab out here]

Figure 9: F amily plot and SiZer map for kernel density estimates,

b ase d on n = 1000 simulate d data, fr om the Marr on and Wand density

#15, “Discr ete Comb”, shown as the thick yel low curve in the family

plots. The thick r e d curve in the family plots is the She ather Jones

Plug In b andwidth, which is the highlighte d horizontal b ar in the SiZer

maps.

Note that the SiZer map giv es some in teresting visual cues as to ho w one migh t

c ho ose a lo cal bandwidth function, whic h is describ ed as a curv e running across

the map. F or example, the Sheather Jones Plug In bandwidth could b e used for

x ∈ ( − 3 , 2 ) , then the bandwidth curv e could mo v e do wn to around log

10

( h ) = − 1 . 4

for x ∈ ( 2 . 3 , 3 ) . An in teractiv e approac h to lo cal bandwidth selection could b e

based on tracing a “bandwidth curv e” with a mouse on the SiZer map. The

resulting lo cal bandwidth smo oth could b e sho wn in another windo w. If the family

has already b een computed, computation of the lo cal bandwidth smo oth w ould b e v ery fast, since it only needs in terp olation among the family mem b ers. See

Marron and Udina (1997) for a differen t approac h to lo cal bandwidth selection.

A natural question is: with SiZer, wh y do w e need lo cal bandwidth smo oth-

ing? The answ er is that for presen ting conclusions to non-exp erts (who are not

in terested in details b ehind the conclusions), a single lo cation v arying smo oth will

b e v ery simple and attractiv e.

5.6. Higher dimensions

The problem of “whic h features are really presen t?” is also v ery imp ortan t in

smo othing settings of more than one dimension. In particular, the t w o dimensional

case is “image analysis”, whic h has a v ery large literature. An imp ortan t problem

with extending SiZer to higher dimensions is ho w to presen t the “map”. The

v ery simplest t w o dimensional v ersion one migh t try is to study the magnitude

of the gradien t, and highligh t scale space regions where this is significan tly ab o v e

zero. But no w the “map” w ould b e shaded regions in 3 dimensions, whic h is fairly

c hallenging to visualize.

Other applications w ould lik ely result in the need to visualize ev en higher di-

mensional maps. F or example, one could replace the magnitude of the gradien t b y

directional deriv ativ es. Another example is that in some cases it could b e desirable

to sue differen t bandwidths in differen t directions. Ev en with a t w o dimensional

image, implemen tation of b oth ideas w ould result in a 6 or 7 dimensional map.

6. Other Approac hes

6.1. Mo de T esting

An older approac h to analyzing whic h features in a smo oth is mo de testing. Here

one form ulates a n ull h yp othesis of “few mo des” (e.g. one), and then constructs

a test whic h seeks strong evidence of the alternativ e of “more mo des” (e.g. t w o).

This approac h go es bac k at least to Go o d and Gaskins (1980), and later references

include Silv erman (1981), Hartigan and Hartigan (1985), Donoho (1988), M üller

and Sa witzki (1991), Hartigan and Mohan t y (1992), Mammen, Marron and Fisher

(1992), Minnotte and Scott (1993), Fisher, Mammen and Marron (1994), Cheng

and Hall (1997) and Fisher and Marron (1997).

Suc h tests ha v e an imp ortan t place, ev en no w that SiZer has b een dev elop ed,

b ecause they are lik ely to ha v e greater p o w er than the inferences a v ailable from

SiZer. This is b ecause they fo cus directly on the question of mo dalit y , and also they are not hamp ered b y trying to b e sim ultaneous o v er all of scale space. Ho w-

ev er most a v ailable mo de tests ha v e the w eakness that they only determine ho w

man y mo des are presen t, and don’t sa y where the mo des are, or ev en whic h fea-

tures in the smo oth are “the mo des”. See Minnotte (1997) and Mammen, Marron

and Udina (1997) for some in teresting exceptions to this. The strength of SiZer

is that it giv es a m uc h faster w a y of addressing the question of whic h mo des are

significan t, and whic h are not. W e b eliev e that SiZer should b e used mostly as an

exploratory to ol, with follo w up analysis b y explicit mo de tests recommended in

b order line cases.

6.2. Wh y not con v en tional Confidence Bands?

In classical parametric statistics, a time honored approac h to displa ying v ariabilit y

is the confidence in terv al. Man y attempts ha v e b een made to extend this idea to

nonparametric curv e estimation. There are t w o ma jor h urdles to the effectiv e use

of this tec hnique:

• Instead of a single real v alued parameter, the quan tit y b eing estimated is

no w an en tire curv e. F urthermore inference ab out features will in v olv es

asp ects of sim ultaneous inference.

• Unlik e con v en tional parameter estimation, curv e estimation necessarily in-

v olv es an imp ortan t bias comp onen t.

There is a large literature on attempts to address these problems in the con text

of smo othing. Go o d access is pro vided through the monograph Hall (1992).

A quic k and simple approac h has b een suggested e.g. b y Hastie and Tibshirani

(1990), where one ignores b oth of the issues 1 and 2, and simply writes do wn

standard confidence in terv als whic h captures only the v ariabilit y part of the error.

This can only giv e a rather crude indications of whic h features are really presen t,

b ecause the in terv als are b oth to o short for v alid inference, and also off cen ter,

b ecause the bias is ignored.

A time honored approac h to handling bias is to mak e it negligible b y “un-

dersmo othing”, i.e. using a v ery small bandwidth. There are man y pap ers that

do this simply b y assuming that asymptotically as the sample size gro ws, the

bandwidth tends to zero faster than the optimal, whic h causes the bias to tend

to zero at a faster rate. This still lea v es op en the problem of ho w the bandwidth

should b e c hosen, and the fact that for an y fixed set of data, an y bandwidth is going to ha v e at least a little bias. But ev en ignoring these problems, confidence

in terv als based on suc h bandwidths are not in tuitiv ely app ealing, since they ma y

b e exp ected to b e unnecessarily long, i.e. significan t features can b e missed.

Another approac h is to try to estimate the bias, and adjust accordingly . An

attempt at this presen ted in H¨ ardle and Marron (1991) w as “asymptotically suc-

cessful”, but ga v e incorrect co v erage in sim ulations, as discussed in their Section 3.

They also sho w ed that the reason for the error w as b ecause the bias estimate w as

inefficien t. Nyc hk a pro vided an in tuitiv e explanation of this with the statemen t

“if y ou could estimate bias effectiv ely , then y ou could get an impro v ed estimate”.

Nice insigh t in to the failure of bias correction metho ds w as dev elop ed in sev-

eral pap ers b y Hall, that is w ell summarized in Section 4.4 of Hall (1991). The

approac h tak en there is to c ho ose the bandwidth to mak e co v erage probabilities

as close as p ossible to the desired v alues. Asymptotic theory is dev elop ed for op-

timal bandwidths according to this criterion, and it is sho wn that when optimal

bandwidths are used, simple undersmo othed bandwidths giv e shorter confidence

in terv als than if one attempts an y t yp e of bias correction.

This motiv ates a more careful lo ok at undersmo othed bandwidths, and a nat-

ural question is: ho w long are the co v erage optimal confidence in terv als? Figure

10 sho ws an example addressing this p oin t, using the explicit represen tation giv en

just after (3.5) in Hall (1991).

[put Figure 10 ab out here]

Figure 10: Underlying normal mixtur e density f in Figur e 10a.

SiZer map for a simulate d data set of size n = 500 in Figur e 10c.

100 r eplic ates of kernel density estimates, using the c over age optimal

b andwidth in Figur e 10b, and the b andwidth that is MSE optimal at

x = 0 . 8 in Figur e 10d. These two b andwidths ar e highlighte d in the

SiZer map as a solid line for the MSE optimal, and a dashe d line for

the c over age optimal.

The true underlying densit y sho wn in Figure 10a is the Gaussian Mixture

densit y

0 . 425 · N ( 0 . 35 , 0 . 0144 ) + 0 . 425 · N ( 0 . 575 , 0 . 0144 ) + 0 . 15 · N ( 0 . 8 , 0 . 0009 ) .

Here w e study its estimation when n = 500 data p oin ts are used, and fo cus on

the thinner p eak, i.e. on estimation at x = 0 . 8. The practical effect of the co v erage optimal bandwidth is sho wn in Figure 10b, where o v erla ys of k ernel

densit y estimates for 100 indep enden t replicates (i.e. regeneration of the n = 500

pseudo data p oin ts) are sho wn. The en v elop e of curv es suggests that at this lev el of

smo othing, there is not enough information in the data to establish the statistical

significance of the thinner p eak, since the top of the en v elop e near the v alley p oin t

x = 0 . 72 is w ell ab o v e the b ottom of the en v elop e at the p eak, x = 0 . 8. Figure

10d in v estigates whether or not there is enough information in the data to resolv e

the second p eak, b y again o v erla ying 100 realizations of the densit y estimate, but

this time with the bandwidth c hosen to minimize the M S E = E

[

^

f

h

( x ) − f ( x )

]

2

(appro ximated b y sim ulation) at the p eak x = 0 . 8. This en v elop e of curv es sho ws

that at this lev el of resolution, their seems to b e plen t y of information in the data,

and the second mo de should b e a significan t feature. The SiZer map in Figure 10c

finds b oth of the mo des, and th us is using the information a v ailable in the data

more effectiv ely than confidence in terv als with the co v erage optimal bandwidth

can do.

Note that ev en if it w ere p ossible to get effectiv e classical confidence bands

(seems doubtful in view of the ab o v e discussion), SiZer w ould still b e a more

p o w erful data analytic to ol. This is b ecause confidence bands need to fo cus on a

single bandwidth, whic h (ev en when it can b e w ell c hosen from the data) can still

miss features that app ear at other lev els of resolution.

References

[1] Bralo w er, T. J., F ullagar, P . D., P aull, C. K., Dwy er, G. S., and Lec kie,

R. M., (1997), Mid-Cretaceous Stron tium-Isotop e Stratigraph y of Deep-Sea

Sections, Ge olo gic al So ciety of A meric a Bul letin , in press.

[2] Chaudh uri, P . and Dew anji, A. (1995) On a lik eliho o d based approac h in non-

parametric smo othing and cross-v alidation, Statistics and Pr ob ability L etters ,

22, 7-15.

[3] Chaudh uri, P . and Marron, J. S. (1997) Scale space view of curv e estimation,

unpublished man uscript.

[4] Cheng M. Y. and Hall, P . (1997) Calibration metho ds for excess mass and

DIP tests of homogeneit y , unpublished man uscript.

[5] Efron, B. and Tibshirani, R. J. (1993) A n Intr o duction to the Bo otstr ap,

Chapman and Hall, New Y ork.

[6] Eubank, R. L. (1988) Spline smo othing and nonp ar ametric r e gr ession , Dekk er,

New Y ork.

[7] F an, J. and Gijb els, I. (1996) L o c al p olynomial mo deling and its applic ations ,

Chapman and Hall, London.

[8] F an, J., Hec kman, N. E, and W and, M. P . (1995) Lo cal p olynomial k ernel re-

gression for generalized linear mo dels and quasi-lik eliho o d functions, Journal

of the A meric an Statistic al Asso ciation ,90, 141-150.

[9] F an, J. and Marron, J. S. (1994) F ast implemen tations of nonparametric curv e

estimators, Journal of Computational and Gr aphic al Statistics , 3, 35-56.

[10] F armen, M. (1996) The smo othed b o otstrap for v ariable bandwidth selec-

tion and some results in nonparametric logistic regression, PhD Dissertation,

North Carolina Institute of Statistics T ec h. Rep ort Series #2342.

[11] F armen, M. and Marron, J. S. (1997) An assessmen t of finite sample p erfor-

mance of adaptiv e metho ds in densit y estimation, unpublished man uscript.

[12] Fisher, N. I., Mammen, E. and Marron, J. S. (1994) T esting for m ultimo dalit y ,

Computational Statistics and Data A nalysis , 18, 499-512.

[13] Fisher, N. I. and Marron J. S. (1997) Mo de T esting Via the Excess Mass

Estimate, unpublished man uscript.

[14] Go o d, I. J. and Gaskins, R. A. (1980) Densit y estimation and bump-h un ting

b y the p enalized maxim um lik eliho o d metho d exemplified b y scattering and

meteorite data (with discussion), Journal of the A meric an Statistic al Asso ci-

ation ,75, 42-73.

[15] Green and Silv erman (1994) Nonp ar ametric R e gr ession and Gener alize d Lin-

e ar Mo dels , Chapman and Hall, London.

[16] H¨ ardle, W. (1990) Applie d Nonp ar ametric R e gr ession , Cam bridge Univ ersit y

Press, Boston.

[17] H¨ ardle, W. and Marron, J. S. (1991) Bo otstrap sim ultaneous error bars for

nonparametric regression, A nnals of Statistics , 19, 778-796.

[18] Hall, P . (1991) Edgew orth expansions for nonparametric densit y estimators,

Statistics , 2, 215-232.

[19] Hall, P . (1992) The b o otstr ap and e dgeworth exp ansion . Springer: New Y ork.

[20] Hall, P . and Marron, J. S. (1997) On the role of the ridge parameter in lo cal

linear smo othing, Pr ob ability The ory and R elate d Fields , 108, 495-516.

[21] Hartigan, J. A. and Hartigan, P . M. (1985) The DIP test of m ultimo dalit y ,

A nnals of Statistics , 13, 70-84.

[22] Hartigan, J. A. and Mohan t y , S. (1992) The R UNT test from m ultimo dalit y ,

J. Classific ation , 9, 63-70.

[23] Hastie, T. J. and Tibshirani, R. J. (1990) Gener alize d A dditive Mo dels , Chap-

man and Hall, London.

[24] Izenman, A. J. and Sommer, C. (1988) Philatelic mixtures and m ultimo dal

densities, Journal of the A meric an Statistic al Asso ciation , 83, 941-953.

[25] Jones, M. C., Marron, J. S. and Sheather, S. J. (1996a) A brief surv ey of

bandwidth selection for densit y estimation, Journal of the A meric an Statis-

tic al Asso ciation , 91, 401-407.

[26] Jones, M. C., Marron, J. S. and Sheather, S. J. (1996b) Progress in data-based

bandwidth selection for k ernel densit y estimation, Computational Statistics ,

11, 337-381.

[27] Lindeb erg, T. (1994) Sc ale sp ac e the ory in c omputer vision . Klu w er: Boston.

[28] Mammen, E., Marron J. S. and Fisher, N. I. (1992) Some asymptotics for

m ultimo dalit y tests based on k ernel densit y estimates, Pr ob ability The ory and

R elate d Fields , 91, 115-132.

[29] Mammen, E., Marron, J. S. and Udina, F. (1997) In teractiv e mo de testing,

unpublished man uscript.

[30] Marron, J. S. and Ch ung, S. S. (1997) Presen tation of smo others: the family

approac h, unpublished man uscript.

[31] Marron, J. S. and Udina (1997) In teractiv e lo cal bandwidth c hoice, unpub-

lished man uscript.

[32] Marron, J. S. and W and, M. P . (1992) Exact mean in tegrated squared error,

A nnals of Statistics , 20, 712-736.

[33] Minnotte, M. C. (1997) Nonparametric testing of the existence of mo des,

A nnals of Statistics , 25, 1646-1660.

[34] Minnotte, M. C. and Scott, D. W. (1993) The mo de tree: a to ol for visu-

alization of nonparametric densit y features, Journal of Computational and

Gr aphic al Statistics , 2, 51-68.

[35] M üller, D. W. and Sa witzki, G. (1991) Excess mass estimates and tests for

m ultimo dalit y , Journal of the A meric an Statistic al Asso ciation , 86, 738-746.

[36] Rupp ert, D., Sheather, S. J. and W and, M. P . (1995) An effectiv e bandwidth

selector for lo cal least squares regression, Journal of the A meric an Statistic al

Asso ciation , 90, 1257-1270.

[37] Sc hmitz, H. P . and Marron, J. S. (1992) Sim ultaneous estimation of sev eral

size distributions of income, Ec onometric The ory , 8, 476-488.

[38] Scott, D. W. (1992) Multivariate density estimation, the ory, pr actic e and

visualization , John Wiley: New Y ork.

[39] Silv erman, B. W. (1981) Using k ernel densit y estimates to in v estigate m ulti-

mo dalit y , Journal of the R oyal Statistic al So ciety, Series B , 43, 97-99.

[40] Silv erman, B. W. (1986) Density estimation for statistics and data analysis ,

Chapman and Hall: London.

[41] Stanisw alis, J. G. (1989) The k ernel estimate of a regression function in lik e-

liho o d based mo dels”, Journal of the A meric an Statistic al Asso ciation , 84,

276-283.

[42] Tibshirani, R. J. and Hastie, T. J. (1987) Lo cal lik eliho o d estimation, Journal

of the A meric an Statistic al Asso ciation ,82, 559-568.

[43] W ah ba, G. (1991) Spline Mo dels for Observational Data , SIAM, Philadelphia.

W and, M. P . and Jones, M. C. (1995) Kernel Smo othing , Chapman and Hall:

London.

h = 0.0125 h = 0.05 h = 0.2

0 0.5 1 1.5 2 2.5 3 0 0.2 0.4 0.6 0.8 1 Figure 1a

Income / Average density h = 0.3 h = 1.2 h = 4.8 95 100 105 110 115 120

0.7072

0.7072

0.7073

0.7074

0.7074

0.7074

0.7075

Figure 1b

Age (mil. years)

Strontium Ratio

Figure 6.1:

29

0 1 2 3 0 0.2 0.4 0.6 0.8 1

Income / Average density

Figure 2a

Income / Average log10(h)

Figure 2c

0 1 2 3

-1.5 -1 -0.5 0 0.5

100 110 120

0.707

0.7072

0.7074

0.7076

Age (mil. years)

Strontium Ratio

Figure 2b

Age (mil. years)

Figure 2d

100 110 120

-0.5 0 0.5 1 1.5

Figure 6.2:

30

-2 0 2 0

0.5

1

Figure 3a

x density x log10(h)

Figure 3d

-2 0 2

-1.5 -1 -0.5 0 0.5 x

Figure 3b

-2 0 2

-1.5 -1 -0.5 0 0.5

x

Figure 3c

-2 0 2

-1.5 -1 -0.5 0 0.5

Figure 6.3:

31

Income / Average log10(h)

Figure 4a PtWise, alpha = 0.05

0 1 2 3

-1.5 -1 -0.5 0 0.5

Income / Average

Figure 4b PtWise, alpha = 0.10

0 1 2 3

-1.5 -1 -0.5 0 0.5

Income / Average

Figure 4c PtWise, alpha = 0.20

0 1 2 3

-1.5 -1 -0.5 0 0.5

Income / Average

Figure 4d Simul, alpha = 0.05

0 1 2 3

-1.5 -1 -0.5 0 0.5

Income / Average

Figure 4e Simul, alpha = 0.10

0 1 2 3

-1.5 -1 -0.5 0 0.5

Income / Average

Figure 4f Simul, alpha = 0.20

0 1 2 3

-1.5 -1 -0.5 0 0.5

Figure 6.4:

32

0.06 0.08 0.1 0.12 0.14 0 20 40 60 80 100

Thickness (mm) density

Figure 5a

Thickness (mm) log10(h)

Figure 5b g=401

0.06 0.08 0.1 0.12 0.14 -3 -2.5 -2 -1.5

Thickness (mm)

Figure 5d g=201

0.06 0.08 0.1 0.12 0.14 -3 -2.5 -2 -1.5

Thickness (mm)

Figure 5c g=81

0.06 0.08 0.1 0.12 0.14

-2.5

-2

-1.5

Figure 6.5:

33

-2 0 2 0 0.1 0.2 0.3 0.4 0.5

x density

Figure 6a n = 100

x log10(h)

Figure 6d

n = 100

-2 0 2

-1.5 -1 -0.5 0 0.5

-2 0 2 0 0.1 0.2 0.3 0.4 0.5

x

Figure 6b n = 1000

x

Figure 6e n = 1000

-2 0 2

-1.5 -1 -0.5 0 0.5

-2 0 2 0 0.1 0.2 0.3 0.4 0.5

x

Figure 6c n = 10,000

x

Figure 6f n = 10,000

-2 0 2

-1.5 -1 -0.5 0 0.5

Figure 6.6:

34

0 0.5 1

-0.5 0 0.5 1 1.5

x y

Figure 7a sig = 0.02

x log10(h)

Figure 7d sig = 0.02

0 0.5 1 -2 -1.5 -1 -0.5 0

0 0.5 1

-0.5 0 0.5 1 1.5

x y

Figure 7b sig = 0.18

x

Figure 7e sig = 0.18

0 0.5 1 -2 -1.5 -1 -0.5 0

0 0.5 1

-0.5 0 0.5 1 1.5

x y

Figure 7c sig = 0.66

x

Figure 7f sig = 0.66

0 0.5 1 -2 -1.5 -1 -0.5 0

Figure 6.7:

35

0 0.2 0.4 0.6 0.8 1 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 Figure 8a

x y x log10(h)

Figure 8b

0 0.2 0.4 0.6 0.8 1 -2

-1.5

-1

-0.5

0

Figure 6.8:

36

-3 -2 -1 0 1 2 3 0 0.1 0.2 0.3 0.4 0.5

x density

Figure 9a

x log10(h)

Figure 9d

-3 -2 -1 0 1 2 3

-1.5

-1

-0.5

0

0.5

Figure 6.9:

37

0 0.5 1 0 0.5 1 1.5 2 2.5 Figure 10a

x density

0 0.5 1 0 1 2 3 4 Figure 10d

x

0 0.5 1 0 1 2 3 4 Figure 10b

x

x log10(h)

Figure 10c

0 0.5 1 -2 -1.5 -1 -0.5 0

Figure 6.10:

38