Figure 8: Visual displa ys of summary statistics for comparison of

bandwidth selectors, o v er all 15 target densities in Marron and

W and, for n = 100. In eac h case the densities are ordered b y

E V E 2 − C R I T for S J P I . Means and standard deviations are on

the scale of log

3

(

^

h ) − log

3

( h

M I S E

).

Figure 9: Same as Figure 8, but for n = 1000.

15

Figure 7: Kernel densit y estimates sho wing the distributions of

data driv en bandwidths (with same line t yp es as in Figures 5 and

6), for n = 100, and eac h of the target densities, again standard-

ized to the scale log

3

(

^

h ) − log

3

( h

M I S E

). The o v erla y ed solid curv e

is M I S E ( h ) and the dashed curv e is E V E 2( h ). M I S E − C R I T

and E V E 2 − C R I T b eha vior is understo o d b y “plugging the den-

sities in to the corresp onding curv e”.

14

Figure 6: Same as Figure 5, but for n = 1000.

the M I S E sense, it is b ecause it has to o m uc h v ariabilit y (whic h

is already w ell kno wn). When LS C V w orks w ell, it is b ecause

it has substan tially less bias than the others. The bandwidth se-

lector R O T 2 giv es generally p o or p erformance b ecause, while it

has smaller than usual v ariance (b ecause the only estimation is

of “scale” v ersus the more c hallenging estimation that is at least

implicitly attempted b y the other metho ds). F urther insigh t in to

this “v ariance - bias” effect comes from Figure 7.

Note that some of the M I S E − C R I T summaries in Figures

5 and 6 are not particularly useful, b ecause the M I S E sense of

a go o d bandwidth is differen t from visual impression. This is

roughly the same phenomenon observ ed in Figure 1. T o see ho w

the lessons of Figures 5 and 6 c hange, when M I S E − C R I T is

replaced b y E V E 2 − C R I T , see Figures 8 and 9.

The means and standard deviations are again displa y ed, b e-

cause the ordering of the densities is no w differen t from that of

13

(whose presen tation w ould b e quite v oluminous and tedious to

in terpret in this particular con text).

Figure 5: Visual displa ys of summary statistics for comparison of

bandwidth selectors, o v er all 15 target densities in Marron and

W and, for n = 100. In eac h case the densities are ordered b y

M I S E − C R I T for S J P I . Means and standard deviations are

on the scale of log

3

(

^

h ) − log

3

( h

M I S E

).

Since the densit y n um b ering in Marron and W and (1992) [ 7 ]

w as not in tended to b e relev an t for bandwidth selection, v ari-

ous reorderings ha v e b een exp erimen ted with. Most informativ e

seems to b e to order in terms of M I S E − C R I T for a bandwidth

selector of in terest. Note that in the M I S E sense, the metho ds

are not comparable, with no metho d b eing dominan t in all situ-

ations. Ho w ev er, Jones, Marron and Sheather (1992) [ 6 ] suggest

S J P I as a reasonable “all around fa v orite”, b ecause it is nev er

to o far from the b est (while eac h of the others is far from b est

for at least some densities). Reasons for the v arious p erformances

are seen clearly b y studying the means and v ariances of the giv en

metho ds. F or example, when LS C V giv es p o or p erformance in

12 b y b eha vior at the p eak, while h

V E 2 is more strongly influenced

b y the flat parts of densit y , while h

I S E and h

I AE feel differen t

things in b et w een these extremes.

One in teresting exception to the ab o v e pattern w as densit y

n um b er 5. This is not sho wn explicitly , to sa v e space, but the

selectors h

I AE

, h

I S E

, and h

S U P b eha v e m uc h the same as in Fig-

ure 3a, with v ery strong correlation and similar means. Ho w ev er

the distribution of h

V E 2 is substan tially larger than the others,

and also has essen tially no correlation, b ecause this metho d feels

b eha vior in the tails of distribution.

Another in teresting exception is densit y n um b er 11, in the

case n = 100. Here h

I AE

, h

I S E

, and h

V E 2 w ork m uc h as in Figure

3a, since with resp ect to these criteria, this densit y is essen tially

the same as n um b er 6. ho w ev er the sup norm feels b eha vior of

the estimate at the thin tall spik es almost exclusiv ely . Hence it

is not surprising that h

S U P is uncorrelated with the others, and

also spread o v er a v ery wide range.

4 Comparison of Bandwidth Selectors

A criterion whic h has b een used for the sim ulation comparison of

data driv en bandwidth selectors, see for example Jones, Marron

and Sheather (1992) [ 6 ], is

M I S E − C R I T = av g

^

h

M I S E (

^

h ) − M I S E ( h

M I S E

)

M I S E ( h

M I S E

)

,

where the a v erage is tak en o v er sim ulated realizations of

^

h . A

direct analog of this, based on E V E 2( h ) is

E V E 2 − C R I T = av g

^

h

E V E 2(

^

h ) − E V E 2( h

E V E 2

)

E V E 2( h

E V E 2

)

,

where h

E V E 2 is the h to minimize E V E 2( h ). These t w o w a ys

of comparing data driv en bandwidths are compared in Figures 5,

6 and 7. These are visual summaries, in tended to pro vide more

ready comparisons of sev eral t yp es than the usual set of tables

11

Figure 3: Draftsman’s scatterplots of the m ultiv ariate distribution

of h

I AE

, h

I S E

, h

S U P

, h

V E 2

. F rom 500 pseudo data sets of size n =

100, from densit y 2. All scatterplot axes are on scale of log

3

( h ) −

log

3

( h

M I S E

). Diagonal plots sho w k ernel densit y estimates of

univ ariate marginal densit y for eac h bandwidth, together with

v ertical dotted lines sho wing the quartiles of these distributions.

Figure 4: Same as Figure 3, but from densit y 3.

10

Note this effect only o ccurs on the righ t side of the curv es, where

bias is dominan t. On the left side, large random v ariabilit y in the

estimates en tails that in a v eraging this effect disapp ears.

An unpleasan t feature of these “wiggles” in E V E 2( h ) is that

man y lo cal minima are created. Lo cal minima can also app ear

in M I S E ( h ), as seen in Marron and W and (1992) [ 7 ], but this

happ ens far less frequen tly . Ev en more lo cal minima w ere encoun-

tered in the random curv es V E

2

(

^

f

h

→ f ). This is consisten t with

the fact that I S E tends to ha v e more lo cal minima than M I S E ,

as quan tified in Hall and Marron (1991) [ 4 ].

A completely differen t w a y of lo oking at V E

2

(

^

f

h

→ f ) is to

study ho w its minimizer (where ties are brok en b y taking the

smallest of the set of minimizers), h

V E 2

, compares for giv en data

sets to other notions of “optimal” bandwidth. Here it is compared

with h

I S E

, the minimizer of I S E , and h

I AE

, the minimizer of the

In tegrated Absolute Error,

I AE =

∫

|

|

|

^

f

h

( x ) − f ( x )

|

|

| dx,

and also h

S U P the minimizer of the suprem um norm, sup

x

|

|

|

^

f

h

( x ) − f ( x )

|

|

| .

Figure 3 giv es an indication of the m ultiv ariate distribution of the

random v ector

(

h

I AE h

I S E h

S U P h

V E 2

)

T

.

Figure 3a is represen tativ e of the “easier to estimate densities”,

n um b ers 1, 2, 6, 7, 8, and 9. Note that all notions of “optimal

bandwidth” roughly coincide here, with a v ery strong correlation

b et w een them, although less so for h

S U P

. This is b ecause for these

densities all notions of optimal “feel roughly the same asp ects of

the data and the densit y” (although this is least true for h

S U P

).

Figure 3b sho ws t ypical b eha vior for the “harder to estimate

densities”, n um b ers 3, 4, 10, 12, 13, 14 and 15. Note that the

v arious optimal bandwidths no w b eha v e m uc h differen tly from

eac h other, b oth in terms of m uc h smaller correlations, and also

differen t mean b eha viors. This is b ecause “eac h feels differen t

asp ects of the v ariabilit y in the data”, in particular h

S U P is driv en

9

Figure 2a sho ws this comparison for densit y n um b er 2. Sim-

ilar pictures w ere obtained for densit y n um b ers 1, 6, 7, 8, and

9. These are essen tially the “easy to estimate densities”, where

most of the features of the underlying f can b e reco v ered w ell

with only mo derate sample sizes. In these situations, there will

b e little difference b et w een assessing the p erformance of a data

driv en bandwidth, sa y

^

h , b y M I S E (

^

h ) or b y E V E 2(

^

h ). This is in

k eeping with the findings of Marron and Tsybak o v (1993) [ 8 ] that

in man y situations, all error criteria w ork in essen tially the same

w a y . Also, as exp ected from that pap er, M I S E ( h ) is consisten tly

larger than E V E 2( h ).

Figure 2b sho ws the results for densit y n um b er 4, and is fairly

represen tativ e of the results for the remaining densities. These

are mostly c haracterized as “hard to estimate” densities, whic h

ha v e at least some features whic h one can not exp ect to com-

pletely reco v er from a sample of only mo derate size. Note that

for n = 100, 1000 and 10 , 000, ma jor differences will sho w up when

bandwidth selectors are compared b y the 2 metho ds. Ho w ev er,

for n = 100 , 000 the answ ers will b e closer. This is b ecause for

suc h large n , this densit y no longer has features that are “to o hard

to obtain”, and hence joins the first group, represen ted in Figure

2a. Note that E V E 2( h ) tends to b e “flatter” in these situations

(whic h means not suc h large p enalties for b eing further from the

minimizer), and also much smaller than M I S E ( h ), whic h also is

not surprising in view of the in tuition in Marron and Tsybak o v

(1993) [ 8 ].

A disturbing feature of Figure 2b is the “wiggles” on the righ t

hand sides of the E V E 2( h ) curv es for large n . Note that the con-

fidence bands indicate this is systematic, and not due to Mon te

Carlo v ariabilit y (as is indicated b y the fact that these wiggles

“line up” for n = 10 , 000 and 100 , 000). This has not b een care-

fully in v estigated, but seems to b e due to the discretization in

the n umerical calculation of V E

2

(

^

f

h

→ f ). In particular, all of

these densities ha v e regions where | f

′

( x ) | is extremely large (the

“slop es of the spik es”). In suc h regions there can b e substan tial

R

2

distance b et w een successiv e p oin ts in the discretized graphs.

This app ears to mak e some bandwidths less desirable than others.

8

all figures ha v e b een constructed for all of the 15 target densities

of Marron and W and (1992) [ 7 ], but only some represen tativ e ones

are presen ted here. The underlying densit y in Figure 1 is densit y

n um b er 14 from that pap er.

Insigh t in to ho w the aver age curv es M I S E ( h ) and E V E 2( h )

(as functions of h ) compare ma y b e obtained from Figure 2.

Figure 2: Plots of M I S E ( h ) (solid curv es) and E V E 2( h ) (dashed

curv es) as functions of the bandwidth h, for n = 100, 1000, 10 , 000

and 100 , 000. The underlying densities are: (a) n um b er 2, (b)

n um b er 4, from Marron and W and. F or eac h n, a grid of 49 (loga-

rithmically) equally spaced bandwidths, from

1

3 h

M I S E to 9 h

M I S E

is used. Mon te Carlo error in calculation of E V E

2

(

^

f

h

→ f )

2

is

seen to b e negligible through the inclusion of 95% p oin t wise con-

fidence bands, as dotted curv es. V ertical lines sho w minimizers of

M I S E (solid) and E V E 2 (dotted).

There is no error in the calculation of the M I S E curv es, since

the exact form ulas in Marron and W and (1992) [ 7 ] w ere used.

Ho w ev er the E V E 2 curv es w ere calculated b y sim ulation, in par-

ticular b y a v eraging V E

2

(

^

f

h

→ f ) o v er 500 pseudo data sets

(for eac h n ) at eac h bandwidth. So there is some Mon te Carlo

error to tak e in to accoun t. This is done in Figure 2, through

sho wing upp er and lo w er 95% p oin t wise asymptotic confidence

bands (constructed using the classical asymptotic normalit y for-

m ula: X ± 1 . 96 s

√

500

). Note that these dotted lines are, at most h

lo cations, nearly indistinguishable from the a v erage curv e, so the

500 replications is enough for at least most visual lessons to b e

correct.

7

In that pap er, a symmetrized v ersion of V E

2

(

^

f

h

→ f ) also is

seen to ha v e useful prop erties. Ho w ev er, that is not treated here

b ecause V E

2

(

^

f

h

→ f ) is seen there to b e sup erior at trac king an

exp erienced data analyst’s desire that the estimate should sho w

no more features than can reasonably b e obtained from the data.

F or computational feasibilit y , a discretized v ersion of V E

2

(

^

f

h

→

f ), in v olving b oth discretized graphs, and also a Riemann sum

appro ximation, o v er an equally spaced fine grid of 400 p oin ts has

b een used in all examples here. See Marron and Tsybak o v (1993)

[ 8 ] for details.

There has b een an in teresting con tro v ersy o v er whic h should

b e called the “optimal bandwidth in the L

2

sense”, b et w een the re-

sp ectiv e minimizers of I S E and M I S E . P assions run surprisingly

strong on b oth sides, ev en to the p oin t of p eople on e ach side b e-

ing un willing to ev en admit that a con tro v ersy exists, feeling that

their view is so ob viously correct. See Grund, Hall and Marron

(1992) [ 3 ] for references and discussion. In that pap er it is seen

that despite imp ortan t mathematical and conceptual differences,

there is often little difference in terms of assessing bandwidth se-

lectors in most practical situations. Ho w ev er M I S E do es giv e

some what b etter “resolution” in comparing bandwidth selectors

than I S E , so that is used in the rest of this pap er. In the empiri-

cal w ork done for this pap er, it has b een observ ed that this same

lesson holds for V E

2

(

^

f

h

→ f )

2

vs. E V E

2

(

^

f

h

→ f )

2

, so the latter

will b e used for assessmen t of bandwidth selectors throughout this

pap er. Explicit details are not presen ted here, b ecause the main

ideas are essen tially the same as those of Grund, Hall and Marron

(1992) [ 3 ], and th us do not seem to b e w orth the journal space.

Ho w ev er detailed summaries are a v ailable from the author.

3 New facts on visual error

P art of this researc h in v olv es studying the error criterion

E V E 2( h ) = E V E

2

(

^

f

h

→ f )

2

in a v ariet y of senses, in examples where some normal mixture

densities w ere used for the underlying f . In particular analogs of

6

2 Error criteria

The often considered goal of optimizing the L

2

norm is the same

as optimizing it’s square, the In tegrated Squared Error,

I S E ( h ) =

∫

(

^

f

h

( x ) − f ( x )

)

2

dx.

Here and in the follo wing, the in tegral sym b ol is understo o d to

mean definite in tegration o v er the whole real line. Some re-

searc hers prefer to w ork with the exp ected I S E , often called the

Mean In tegrated Squared Error,

M I S E ( h ) = E [ I S E ( h ) ] .

A common notion of “optimal bandwidth” is h

M I S E

, whic h is a

(these need not b e unique, as seen in Marron and W and (1992)

[ 7 ], but an y will suffice in case of ties) minimizer of M I S E ( h ).

Minimizers of other criteria will b e denoted b y similar notation.

As noted ab o v e, the visual error criterion V E

2

(

^

f

h

→ f ) w as

dev elop ed in Marron and Tsybak o v (1993) [ 8 ]. See that pap er for

motiv ation and discussion. This is defined as follo ws. A con tin-

uous function f : [ a, b ] → R can b e represen ted b y its “graph in

R

2

”,

G

f

= { ( x, y ) : x ∈ [ a, b ] , y = f ( x ) } ⊂ R

2

.

A basic building blo c k for constructing “distances” b et w een t w o

graphs is the shortest distance from a p oin t ( x, y ) to the graph G ,

d (( x, y ) , G ) = inf

( x

′

,y

′

) ∈ G

‖ ( x, y ) − ( x

′

, y

′

) ‖

2

,

where ‖ · ‖

2 denotes the usual Euclidean distance. These distances

are summarized, in a squared in tegrated w a y to yield the asym-

metric “visual error” criterion

V E

2

(

^

f

h

→ f ) =

[

∫

b

a d (( x,

^

f

h

( x )) , G

f

)

2

dx

]

1 / 2

.

Man y v ariations on this idea are p ossible, but reasons b ehind this

particular c hoice are detailed in Marron and Tsybak o v (1993) [ 8 ].

5 that LS C V is b etter than S J P I and R N S B in the sense of L

2

,

but w orse with resp ect to V E

2

(

^

f

h

→ f ). But the visual p erfor-

mances of S J P I and R N S B are clearly sup erior. S J P I lo oks

sligh tly b etter than R N S B , whic h is also reflected b y V E

2

(

^

f

h

→

f ). The main p oin t of this pap er is to study bandwidth selection

metho ds through criteria whic h w ork differen tly than the usual

ones, but are more useful for determining p erformance in real

data situations.

This example is clearly a case where some t yp e of lo cation

v arying bandwidth is called for. In particular, a rather larger

bandwidth is desirable on the left side, while a sim ultaneously

smaller bandwidth will impro v e p erformance on the righ t side.

Ho w ev er, suc h metho ds are complicated, and are t ypically used

only after a need for them is understo o d through a preliminary

analysis with global bandwidth metho ds. Hence “b est” (alb eit

out of an unsatisfactory set) c hoice of global bandwidth is still a

vital issue ev en in situations suc h as this.

In section 3, previously unkno wn facts ab out V E

2

(

^

f

h

→ f ) are

describ ed. Differen t t yp es of comparisons are made b et w een L

2

and V E

2

(

^

f

h

→ f ). One of these is a study of their exp ected v alues

as functions of n and h . Beha vior of their resp ectiv e minimizers

is also studied.

In section 4, it is seen that the measure V E

2

(

^

f

h

→ f ) pro vides

an imp ortan t new viewp oin t for the study of data based band-

width selection, with some substan tially differen t answ ers than

those obtainable from the L

2

viewp oin t. The basic recommen-

dation of Jones, Marron and Sheather (1992) [ 6 ], that the S J P I

metho d is v ery go o d all around still remains the same. Ho w ev er

it is no w more clear that LS C V is not appropriate. A surprising

feature (at least to the author) is that R O T 2 is more frequen tly

not so bad as had b een previously rep orted. The R N S B is also

no w seen to b e b etter than had previously b een though t, whic h

is more consisten t with its excellen t asymptotic prop erties.

4

Figure 1: T arget densit y (hea vy line) and k ernel densit y esti-

mates (thin lines), from ten sim ulated data sets (same for eac h

bandwidth selector), eac h of size n = 100, for four ma jor meth-

o ds of data based bandwidth selection: (a) LS C V , (b) R O T 2, (c)

S J P I , (d) R N S B . Bandwidth selection metho ds are compared

b y b oth L

2

and V E

2

(

^

f

h

→ f ), a v eraged o v er the 10 data sets

sho wn here.

3 so that case will b e studied here to o. Ho w ev er, the main ideas

and lessons of this pap er clearly apply to other t yp es of curv e

estimation as w ell. Kernel densit y estimation can b e view ed as

an attempt to use a random sample X

1

, ..., X

n from a probabilit y

densit y f ( x ) to try to reco v er the curv e f ( x ) . Giv en a k ernel

function K ( x ) (tak en in all examples here as the Gaussian prob-

abilit y densit y), and a bandwidth h , the k ernel densit y estimator

is:

^

f

h

( x ) = n

− 1 n

∑

i =1

K

h

( x − X

i

) ,

where K

h

( · ) =

1

h

K

(

·

h

)

. The bandwidth is represen ted as a sep-

arate parameter b ecause “width of the k ernel windo w” is crucial

to the p erformance of the estimator. See Silv erman (1986) [ 12 ]

for illustration of this p oin t, as w ell as discussion of man y other

useful asp ects of this estimator.

In this pap er the bandwidth selection problem is studied with

careful atten tion paid to the issue of ho w to assess the p erfor-

mance of v arious bandwidths. There has b een considerable past

con tro v ersy on this issue, mainly cen tered around whether one

should measure error based on the L

1

or on the L

2

norms. Ho w-

ev er, it is seen in Marron and Tsybak o v (1993) [ 8 ] that in some

situations neither of these is particularly attractiv e, and indeed

“visual c hoice of bandwidth” (the metho d used most commonly

in actual data analyses) can b e quite differen t than either the

L

1

or the L

2

optimal c hoices. Marron and Tsybak o v go on to

dev elop and in v estigate alternativ e measures of error whic h cor-

resp ond more closely to “what the ey e sees”. In this pap er, their

prop osed error criterion V E

2

(

^

f

h

→ f ) is studied. Figure 1 sho ws

ho w V E

2

(

^

f

h

→ f ) assesses bandwidth selectors in a w a y that is

closer to visual p erception than L

2

.

The error criterion V E

2

(

^

f

h

→ f ) is defined in the next section.

Precise form ulation of the bandwidth selectors, LS C V (Least

Squares Cross V alidation), R O T 2 (Rule Of Th um b 2), S J P I

(Sheather Jones Plug In), and R N S B (Ro ot N Smo othed Bo ot-

strap), with suitable references, is giv en in the app endix. Note

2

Assessing bandwidth selectors with visual error

criteria

J. S. Marron

1

Departmen t of Statistics, Univ ersit y of North Car-

olina, Chap el Hill, N.C. 27599-3260, U. S. A.

Summary

“Visual error criteria” ha v e b een dev elop ed as a means of mea-

suring the distance b et w een curv es, in a w a y that corresp onds

more closely to “what the ey e sees”, than the usual norms on

function spaces. The main con tribution of this pap er, is the ap-

plication of this idea to the comparison of data based bandwidth

selection metho ds. It is seen that whic h bandwidth selector is

“b est” is often m uc h differen t in this sense, but closer to “visual

b est”, than what is obtained from classical metho ds of measur-

ing error. In addition, new insigh ts in to visual error criteria are

pro vided.

Keyw ords: bandwidth selection, curv e estimation, k ernel den-

sit y estimation, visual error measures

1 In tro duction

Choice of the smo othing parameter, i.e. bandwidth, is crucial to

the effectiv e use of nonparametric curv e estimators. The problem

is also of curren t in terest b ecause it has close relationships to

other imp ortan t problems, suc h as mo del selection. There is a

large literature on data based smo othing parameter selection. See

Jones, Marron and Sheather (1992) [ 6 ] for a recen t surv ey .

The deep est researc h on data based smo othing parameter se-

lection has b een done in the con text of k ernel densit y estimation,

Figures 5 and 6. Note that S J P I is still nev er to o far from

b est, so the previous recommendation of this as a general pur-

p ose default seems to remain acceptable. Ho w ev er, the relativ e

standing of LS C V has c hanged a lot. It go es from b eing b est a

fair n um b er of times in the M I S E sense, to b eing almost uni-

formly w orst in the E V E 2 sense, and often b y quite a lot. Figure

7 sho ws that it’s difficulties are a com bination of “un biased with

resp ect to h

M I S E

” actually b eing a dra wbac k in this sense, and

it’s v ery large v ariance. This in terpretation of the p erformance

of LS C V is m uc h more in k eeping with in tuitiv e and practical

opinion of its b eha vior, see for example Sheather (1992) [ 10 ]. An-

other noticeable difference b et w een Figures 5, 6, 8 and 9, is that

R O T 2 lo oks m uc h b etter no w, at least for n = 100. This is

also in k eeping with anecdotal evidence sev eral researc hers ha v e

expressed in p ersonal con v ersation. An insp ection of Figure 7

sho ws that the main reason for this go o d p erformance is the lo w

v ariance of R O T 2 com bined with its often b eing fortunately close

to h

E V E 2

. This closeness disapp ears for n = 1000, where this

go o d p erformance falls off significan tly . Finally note that R N S B

no w lo oks b etter with resp ect to S J P I than it did in the M I S E

sense. This is in teresting b ecause R N S B has sup erior asymp-

totic p erformance, and it has b een previously though t that these

asymptotics required unreasonably large sample sizes b efore the

sup erior p erformance of R N S B app eared.

A fascinating area for future researc h is to design bandwidth

selection metho ds whic h sp ecifically target the criterion E V E 2.

References

[1] Bo wman, A. W. (1984) An alternativ e metho d of

cross-v alidation for the smo othing of densit y estimates,

Biometrika , 71, 353-360.

[2] F an, J. and Marron, J. S. (1993) F ast implemen tations of

nonparametric curv e estimators, unpublished man uscript.

[3] Grund, B., Hall, P . and Marron, J. S. (1992) Loss and risk

in smo othing parameter selection, unpublished man uscript.

[4] P . Hall and Marron, J. S. (1991) Lo cal minima in cross-

v alidation functions, Journal of the R oyal Statistic al So ciety,

Series B , 53, 245-252.

[5] Jones, M. C., Marron, J. S. and P ark, B.-U. (1991) A simple

ro ot n bandwidth selector, A nnals of Statistics , 19, 1919-

1932.

[6] Jones, M. C., Marron, J. S. and Sheather, S. J. (1992)

Progress in data-based bandwidth selection for densit y es-

timation, unpublished man uscript.

[7] Marron, J. S. and W and, M. P . (1992) Exact mean in tegrated

squared error, A nnals of Statistics , 20, 712-736.

[8] Marron, J. S. and Tsybak o v, A. B. (1993) Visual error criteria

for qualitativ e smo othing, unpublished man uscript.

[9] Rudemo, M. (1982) Empirical c hoice of histograms and k er-

nel densit y estimators, Sc andinavian Journal of Statistics , 9,

65-78.

[10] Sheather, S. J. (1992) The p erformance of six p opular band-

width selection metho ds on some real data sets, Computa-

tional Statistics , 7, 225-250.

[11] Sheather, S. J. and Jones, M. C. (1991) A reliable data-based

bandwidth selection metho d for k ernel densit y estimation,

Journal of the R oyal Statistic al So ciety, Series B , 53, 683-

690.

[12] Silv erman, B. W. (1986) Density Estimation for statistics

and data analysis , Chapman and Hall, New Y ork.

5 App endix: Bandwidth selectors

In all cases, calculations w ere done using the ideas b ehind the fast

“binned” implemen tations describ ed in F an and Marron (1993)

[ 2 ]. This in v olv es ev aluation at an equally spaced grid of p oin ts,

whic h w as tak en to b e 400 p oin ts on [-3,3].

F or eac h of these bandwidth selectors, only a quic k definition,

and a few imp ortan t facts are men tioned. See Jones, Marron and

Sheather (1992) [ 6 ] for further discussion.

5.1 Least Squares Cross V alidation

This metho d w as prop osed b y Rudemo (1982) [ 9 ] and Bo wman

(1984) [ 1 ]. This bandwidth is tak en to b e the minimizer (in the

case of m ultiple lo cal minimizers, the largest h v alue is used here,

as that seems to giv e the b est p erformance) of the function

LS C V ( h ) =

∫

^

f

h

( x )

2

dx − 2 n

− 1 n

∑

i =1

^

f

h,i

( x )

where

^

f

h,i

( x ) is the k ernel densit y estimate based on the sample

with X

i deleted. This minimizer has an in tuitiv ely attractiv e

connection to h

I S E

. Ho w ev er, it is kno wn to ha v e rather p o or

practical and asymptotic prop erties.

5.2 Sheather Jones Plug In

This metho d w as prop osed in Sheather and Jones (1991) [ 11 ].

This bandwidth selector is the solution (tak en to b e the largest h

v alue when there are m ultiple solutions) of the fixed p oin t equa-

tion (in the v ariable h )

h =

∫

K

2

(

∫

x

2

K )

2

∫

(

^

f

′′

g

2

( h )

)

2

n

1 / 5

where

g

2

( h ) = C ( K ) D (

^

f

g

1

) h

5 / 7 where C ( K ) and D ( f ) are appropriate constan ts, and

^

f

g

1 is a

pilot estimator, whose bandwidth is c hosen b y the normal refer-

ence distribution metho d. This bandwidth selector is kno wn to

ha v e m uc h b etter asymptotic and also applied p erformance than

h

LS C V

.

5.3 Rule Of Th um b 2

This metho d is prop osed in Silv erman (1986) [ 12 ].This is defined

as

h

R O T 2

= 0 . 9

∫

K

2

(

∫

x

2

K )

2

∫

(

φ

′′

^σ

)

2

n

1 / 5

where φ ^

σ denotes the normal probabilit y densit y with v ariance

^

σ

2

= min

(

s

2

,

^

I QR

I QR

φ

)

, where s

2

is the usual sample v ariance,

^

I QR

is the sample In ter Quartile Range, and I QR

φ is the In ter Quartile

Range of the standard normal distribution. Asymptotically , this

metho d is far w orse than an y of the others here, b ecause (for f

differen t from the Gaussian in shap e) it do es not con v erge to an y

notion of “optimal bandwidth”. Ho w ev er, it has the adv an tage

that it has less v ariabilit y , b ecause only the scale is estimated.

5.4 Ro ot N Smo othed Bo otstrap

The v ersion of this used here is that of Jones, Marron and P ark

(1991) [ 5 ]. This is the minimizer (tak en as the global minimizer

in the case of lo cal minima) of the function

R N S B ( h ) =

∫

K

2

nh

+

∫

[

K

h

∗ f

g

2

( h )

− f

]

2

where

g

2

( h ) = C ( K ) D (

^

f

g

1

) n

− 23 / 45

h

− 2

where C ( K ) and D ( f ) are differen t appropriate constan ts, and

^

f

g

1 is a pilot estimator, whose bandwidth is c hosen b y a normal

reference metho d. This bandwidth selector has excellen t asymp-

totic prop erties, ev en a fast “ro ot n” rate of con v ergence usually

encoun tered only in parametric con texts.