Exact risk analysis of w a v elet regression

Marron, J. S., Adak, S., Johnstone, I. M., Neumann, M. H. and P atil, P .

Jan uary 2, 1998

Abstract

W a v elets ha v e motiv ated dev elopmen t of a host of new ideas in nonparametric regression smo oth-

ing. Here w e apply the to ol of exact risk analysis, to understand the small sample b eha vior of w a v elet

estimators, and th us to c hec k directly the conclusions suggested b y asymptotics. Comparisons b e-

t w een some w a v elet bases, and also b et w een hard and soft thresholding are giv en from sev eral

viewp oin ts. Our results pro vide insigh t as to wh y the viewp oin ts and conclusions of Donoho and

Johnstone differ from those of Hall and P atil.

1. In tro duction

In a series of pap ers, Donoho and Johnstone (1992 [ 9 ],1994a [ 10 ], 1995 [ 13 ]) and Donoho, Johnstone,

Kerky ac harian and Picard (1995) [ 14 ] dev elop ed nonlinear w a v elet shrink age tec hnology in nonpara-

metric regression. F or other w ork relating w a v elets and nonparametric estimation, see Doukhan (1988)

[ 15 ], Kerky ac harian and Picard, (1992) [ 21 ], An toniadis (1994) [ 1 ] and An toniadis, Gregoire and McK-

eague (1994) [ 2 ]. These pap ers ha v e b oth in tro duced a new class of estimators, and ha v e also pro vided

new viewp oin ts for understanding other nonparametric regression smo others as w ell. In particular,

these pap ers study curv e estimation from a minimax viewp oin t, using some imp ortan t function classes

not previously considered in statistics, whic h mo del the notion of “differen t amoun ts of smo othness in

differen t lo cations” more effectiv ely than the usual classes. Hall and P atil (1995a) [ 17 ], studied w a v elet

based metho ds from the differen t viewp oin t of a fixed target function, as opp osed to the minimax

approac h of Donoho and Johnstone.

T o date, with the exception of Donoho and Johnstone (1994a) [ 10 ], the study of these metho ds

has b een mostly asymptotic in c haracter. As with an y asymptotic result, there remain doubts as to

ho w w ell the asymptotics describ e small sample b eha vior. Ho w large the sample should b e b efore the

asymptotic lessons apply is an imp ortan t question. Here w e address these issues using the to ol of exact

risk analysis, whic h w as dev elop ed in Gasser and M üller (1984) [ 16 ] and Marron and W and (1992) [ 25 ],

and first applied to w a v elet estimators b y An toniadis, Gregoire and McKeague (1994) [ 2 ]. This t yp e

of analysis is more efficien t than sim ulation. This efficiency allo ws deep er study of the issues at hand.

Imp ortan t lessons learned ab out w a v elets in nonparametric regression are that “hard thresholding”

(defined in Section 1.4), with a simple threshold v alue, as studied in Donoho and Johnstone (1994a) [ 10 ],

p erforms as asymptotically predicted for reasonable sample sizes. In particular their p erformance is

not far from the optim um, across a wide v ariet y of con texts. Ho w ev er “soft thresholding” (also defined

in Section 1.4), using the asymptotic minimax optimal threshold deriv ed in Donoho and Johnstone

(1994a) [ 10 ] did not p erform so w ell in small samples, and seems to require large samples b efore the

asymptotic lessons apply . Insigh t is pro vided as to wh y the soft threshold based metho d requires larger

samples for the asymptotic effects to b e dominan t.

The theoretical literature con tains some differing viewp oin ts and conclusions. In particular the

asymptotic results and ideas in a series of pap ers b y Donoho and Johnstone and co-w ork ers are rather differen t from those in pap ers b y Hall and P atil and coauthors. In Section 2.5 it is seen that b oth

viewp oin ts are relev an t in small samples, and insigh t is giv en as to what asp ects eac h viewp oin t is

studying.

W a v elet estimators are a new subset of an old class of nonparametric regression estimators: or-

thogonal series metho ds. The basics of this are review ed in Section 1.1. An imp ortan t con tribution of

w a v elet ideas to the classical theory is a useful new set of bases, whic h allo w c haracterizations in terms

of b oth “time” and “frequency”. An o v erview of these is giv en in Section 1.2.

In Section 1.3 w e in tro duce a set of test regression functions, that w e used in this researc h. These

include four functions of Donoho and Johnstone that ha v e b ecome quite w ell kno wn, but others are

added with the in ten t of studying additional issues. Imp ortan t features of these functions are discussed.

Insigh t in to ho w the v arious estimators p erform in the exact risk calculations comes from studying

their w a v elet sp ectra, whic h are also presen ted. In particular, it is seen that when the w a v elet basis

has sufficien tly man y v anishing momen ts, the nature and order of a discon tin uit y can b e obtained from

the slop e of linear deca y of the co efficien ts that in tersect the singularit y .

The exact risk calculations are dev elop ed in Section 2. Substan tial insigh t comes from applying

these ideas to a single co efficien t (i.e. just to estimation of the mean of a single Gaussian random

v ariable), whic h is done in Section 2.1. Exact risk from a v ariet y of other viewp oin ts is studied in the

remaining subsections.

In Section 2.2 exact risk is studied as a function of the threshold scale. This allo ws simple comparison

of bases, whic h sho ws that no basis is uniformly b est, although smo oth w a v elet bases are effectiv e in all

around sense. F or eac h basis, its risk p erformance is w ell predicted b y a “ro w-wise p o w er remaining”.

W e also do a comparison of threshold t yp es, and sho w that the “hard denoising threshold” is usually

sup erior to the “soft minimax optimal threshold” (these are defined in Section 1.4), despite their similar

asymptotic p erformance.

In Sections 2.3 and 2.4, w e use the optimal v alue of the threshold scale, and study exact risk as a

function of sample size, and also of the noise lev el (i.e. the v ariance of the residuals). Slop es of these

curv es giv e “finite sample rates of con v ergence”, and sho w ho w b etter signal compression giv es a faster

rate of con v ergence. It is seen that is some cases it can tak e surprisingly long for “the asymptotics

to tak e effect”. This viewp oin t also pro vides confirmation that w a v elet bases ha v e go o d all around

p erformance, although none is uniformly b est, and that the “hard denoising threshold” is generally

b etter than the “soft minimax optimal threshold”.

In Section 2.5, w e study risk as a function of b oth the threshold scale, and the threshold lev el.

W e use this to address the issue raised b y Hall and P atil (1995c) [ 19 ], of “where is the smo othing

parameter in w a v elet metho ds?”. W e see that indeed these quan tities w ork lik e smo othing parameters,

in the sense that v arious trade offs of v ariance and bias can b e created b y appropriate adjustmen t

of these parameters. Ho w ev er, for hard thresholding, with the denoising threshold, there are simple

c hoices that are surprisingly effectiv e in general. While they are not alw a ys close to the optimal v alues,

the Risk at those v alues is nev er to o far from the minimizing Risk. This is a visual demonstration of

the ideas in Donoho and Johnstone (1994a) [ 10 ] and Donoho and Johnstone (1992) [ 9 ].

The ab o v e p oin ts are illustrated here using only a few carefully c hosen examples, but w e ha v e

studied man y more. T o assist readers who w ould lik e to lo ok at more, w e ha v e constructed a MA TLAB

bro wser, whic h pro vides easy men u driv en access to construction of link ed v ersions of these pictures.

This is a v ailable on the W orld Wide W eb at the URL: http://playfair.stanford.edu/~wavelab , or

b y anon ymous ftp at: ftp://playfair.stanford.edu/pub/wavelab .

The exact risk dev elopmen t in this pap er is for nonparametric regression, but somewhat related

calculations migh t also b e done in w a v elet densit y estimation, using the form ulas in Hall and P atil

(1995b) [ 18 ]. In that con text, the con tin uous case can b e treated as w ell as the discrete case considered

here.

1.1. Setting and orthogonal series estimation

In this pap er w e study nonparametric regression, in the case of a fixed, equally spaced design, with

homoscedastic Gaussian errors. The data are of the form:

Y

i

= m ( x

i

) + ε

i

, i = 1 , ..., n

where the x

i are equally spaced on [ 0 , 1 ] , where n is a p o w er of 2, where the ε

i are indep enden t and

iden tically distributed N (0 , σ

2

) and where the curv e m ( x ) is “smo oth” in some sense. The goal is to

use the data Y = ( Y

1

, · · · , Y

n

) t

to estimate the curv e m ( x ).

The classical orthogonal series estimation is motiv ated as follo ws. Giv en a basis { ψ

1

, ..., ψ

n

} of ℜ n

,

that is orthonormal with resp ect to coun ting measure on { x

1

, ..., x

n

} (e.g. the classical discrete F ourier

basis), the v ector m = ( m ( x

1

) , · · · , m ( x

n

) ) t

has the “sp ectral represen tation”

m ( x

i

) = n

∑

i

′

=1 θ

i

′ ψ

i

′

,i

, i = 1 , ..., n

where the co efficien ts are giv en b y

θ

i

′ = ⟨ m , ψ

i

′ ⟩ = m t

ψ

i

′ , (1.1)

and where ψ

i

′

,i is the i -th en try of the v ector ψ

i

′ . The v ector θ = ( θ

1

, ..., θ

n

) t

is called the transform of

m and is just a rotation of m in ℜ n

. A useful w a y to view the problem of using Y to estimate m is to

think of estimating the θ

i

′ b y the empirical co efficien ts

~

θ

i

′ = ⟨ Y , ψ

i

′ ⟩ = Y t

ψ

i

′ . (1.2)

The v ector

~

θ = (

~

θ

1

, ...,

~

θ

n

) t

is the transform of Y . F or a go o d c hoice of basis, most of the “p o w er of

m ”, whic h is con v enien tly quan tified as

P

m

= n

∑

i =1 m ( x

i

)

2

= n

∑

i =1 θ

i

2

,

(where the last equalit y follo ws b y the P arsev al iden tit y), will b e “con tained in a few” of the θ

i

.

F or example, when the underlying curv e m ( x ) is smo oth and p erio dic, most of the p o w er of the

F ourier represen tation will b e concen trated in the lo w er frequency terms. In this case, a reasonable

reconstruction of the “signal” m can b e obtained from the data Y b y in v erting the transformation,

but using only the imp ortan t co efficien ts:

^ m ( x

i

) =

∑

i

′

∈ S

~

θ

i

′ ψ

i

′

,i

,

where S is some set of “high p o w er co efficien ts”. If the set S is small, but at the same time

∑

i ∈ S θ

2

i

is a large part of P

m

, then this estimator will b e quite effectiv e. This is b ecause in that case most

of the p o w er of the noise will b e in the other co efficien ts, and hence eliminated. F or example this

happ ens when using the F ourier basis with a smo oth, p erio dic function m , b ecause the resulting P

m

is concen trated in the lo w frequency co efficien ts.

Adaptiv e c hoice of the set S is an imp ortan t asp ect of the “thresholded estimators” considered

b elo w. Also considered b elo w are estimators whic h mo dify ^ m through “shrink age” of the

~

θ

i

, to reduce

v ariabilit y .

The assumption of i. i. d. Gaussian errors could b e view ed as a v ery strong one in a nonparametric

setting. Ho w ev er, the main ideas studied in this pap er are appro ximately true ev en in non-Gaussian,

and also some dep enden t cases, through an asymptotic risk equiv alence to the Gaussian case, in a wide v ariet y of settings, as noted in Neumann (1995) [ 28 ]. Details are giv en for regression b y Neumann and

Sp ok oin y (1995) [ 29 ], and for sp ectral densit y estimation in Neumann (1994) [ 27 ].

More serious departures from our assumptions include heteroscedasticit y and a nonequally spaced

design. While w a v elet metho ds can b e adapted for these cases, study of these using exact risk to ols is

b ey ond the scop e of this pap er.

1.2. W a v elet bases

The F ourier basis can effectiv ely compress signals (i.e. pac k most of the p o w er in to a few co efficien ts)

when they are v ery smo oth ev erywhere and also p erio dic. But in a wide v ariet y of other cases other

bases are preferable. Go o d w a v elet bases are useful b oth for smo oth targets, and also for those whic h

are “somewhat unsmo oth in some lo cations”.

As with F ourier theory , w a v elets ha v e closely parallel discrete and con tin uous theories, whic h are

connected b y Riemann summation. Here, and in the follo wing, v ectors are often usefully view ed as

b eing formed from ev aluating a function (of x ∈ ℜ ) at x

1

, ..., x

n

. Often the distinction b et w een is

blurred, but ev erything in this pap er should b e view ed as discrete.

The standard discrete orthogonal transform pro vides co efficien ts θ

i

, often reindexed as θ

j ,k

, whic h

giv e b oth a “frequency” and a “lo cation” decomp osition of m . The in tuitiv e idea of “lo cal frequency”

is mo deled with a collection of basis functions whic h w ork lik e “single p erio d w a v e pieces”. Differen t

frequencies are mo deled through v arious scalings of these w a v e pieces. Hence the common in tuitiv e

notion of “frequency” is equiv alen t to “scale” of the basis functions. F ollo wing standard terminology

in signal pro cessing, w e will use the latter term. A con v enien t index for scale is j = 0 , ..., log

2

( n/ 2 )

(recall n is assumed to b e a p o w er of 2). A t scale j , there are 2 j

basis v ectors that are shifts of eac h

other indexed b y k = 0 , ... 2 j

− 1. See Strang (1989) [ 30 ] for in tuitiv e in tro duction to the sp ecifics of

w a v elet bases. Daub ec hies (1992) [ 7 ] giv es metho ds of construction of discrete bases of the form:

φ

0 , 0

, ψ

j ,k

, j = 0 , ..., log

2

( n/ 2 ) , k = 0 , ... 2 j

− 1

whic h are orthonormal. The simplest of these is the Haar basis whic h consists of step functions. The

smo other w a v elet bases whic h b etter compress smo oth signals are more complicated.

In this pap er, w e will concen trate on the Haar w a v elet basis, and on the Symmlet 8, as describ ed

on page 198 of Daub ec hies (1992) [ 7 ]. In that b o ok, this basis is called “least asymmetric” (b ecause of

ho w it w as deriv ed), but here w e use the shorter name of “Symmlet”. In some of the w ork describ ed

in this pap er, w e also considered the Coiflet 3 basis, as describ ed on page 258 of Daub ec hies (1992) [ 7 ],

but the results w ere sufficien tly similar to those for the Symmlet 8 that w e do not include them here.

F or suc h a basis the co efficien ts defined at (1.1) ha v e the form

f

0 , 0

= ⟨ m , φ

0 , 0

⟩ , θ

j ,k

= ⟨ m , ψ

j ,k

⟩ , j = 0 , ..., log

2

( n/ 2 ) , k = 0 , ... 2 j

− 1 ,

and the empirical co efficien ts from (1.2) b ecome

~

f

0 , 0

= ⟨ Y , φ

0 , 0

⟩ ,

~

θ

j ,k

= ⟨ Y , ψ

j ,k

⟩ , j = 0 , ..., log

2

( n/ 2 ) , k = 0 , ... 2 j

− 1 .

Just as the F ast F ourier T ransform allo ws v ery fast calculation of the F ourier co efficien ts , the

w a v elet co efficien ts can b e calculated m uc h more efficien tly than b y the n inner pro ducts (i.e. an

O ( n

2

) op eration matrix m ultiplication) suggested b y the form ula (1.1). F ast w a v elet algorithms w ere

dev elop ed b y Mallat (1989a [ 23 ], 1989b [ 24 ]), based on ideas for sub-band co ding in the electrical

engineering literature. Some of the history of these ideas is summarized in Daub ec hies (1988 [ 6 ], 1992

[ 7 ]). These ideas result in an O ( n ) algorithm whic h is faster and in our opinion simpler than the FFT.

W a v elet bases that are smo other than the Haar basis ha v e difficult y in handling data near the

edges of [0 , 1]. One approac h to this problem is based on “b oundary filters”, see Cohen, Daub ec hies and Vial (1993) [ 3 ] and Cohen, A., Daub ec hies, I., Ja w erth, B. and Vial, P . (1993) [ 4 ]. In this pap er

the b oundary problem is addressed (b oth for the F ourier and W a v elet bases) b y assuming a “circular

design”, i.e. b y “wrapping the data”, and b y using p erio dic target functions.

1.3. T est functions and sp ectra

Ho w w ell the p o w er of a signal ma y b e compressed in to relativ ely few co efficien ts is crucial to the c hoice

of basis, as nicely sho wn in Donoho (1993) [ 8 ]. In this Section w e dev elop a set of examples whic h are

exp ected to w ork b oth quite w ell and also quite p o orly for a v ariet y of bases.

A set of test functions, m ( x ), is sho wn in Figure 1. Explicit parameterizations of these curv es are

giv en in the app endix.

[put Figure 1 ab out here]

Figure 1: 10 r e gr ession functions, use d in examples in this p ap er. L ower right figur es give

visual impr ession of “low noise” and “high noise” Gaussian err ors, also use d later.

Here is a summary of the motiv ation b ehind eac h, and its sp ecial features and prop erties:

1. Step. This function should b e v ery hard to compress with the F ourier basis, b ecause of its jumps,

but relativ ely easy for the smo oth w a v elet bases, and v ery easy for the Haar basis. The first jump

is at x =

1

3

, whic h means that the Haar basis will spread p o w er to a single co efficien t at ev ery

scale. The second jump is at x =

3

4

, so its p o w er will b e en tirely con tained in a single co efficien t,

for the Haar basis.

2. W a v e. This is a sum of t w o p erio dic sin usoids. Hence the F ourier basis can compress the p o w er

of this signal in to just t w o co efficien ts. On the other hand, the Haar basis has a go o d deal of

difficult y with compression, b ecause the p o w er of the signal is spread widely across the co efficien ts.

The smo other w a v elets are in b et w een, since this signal is smo oth, so m uc h of the p o w er app ears

at coarser scales, although the time lo calization prop ert y of the w a v elets is not useful here.

3. Blip. This is essen tially the sum of a linear function with a Gaussian densit y , and has b een often

used as a target function in nonparametric regression. T o mak e the jump induced b y the assumed

p erio dicit y visually clear, the function has b een p erio dically rotated so the jump is at x = . 8.

This function do es not compress w ell in the F ourier basis, b ecause of the jump. It do es not

compress w ell in the Haar basis b ecause m uc h of the function is smo oth. Ho w ev er, the smo oth

w a v elet bases giv e go o d compression of this signal.

4. Blo c ks. This step function has man y more jumps than the Step ab o v e, and has b een used in sev eral

Donoho and Johnstone pap ers, for example Donoho and Johnstone (1994a) [ 10 ]. Compression is

w orst for the F ourier basis, and the man y jumps create difficulties for the smo other w a v elets as

w ell.

5. Bumps. This also comes from Donoho and Johnstone, and is v ery c hallenging for an y basis to

compress. The smo oth w a v elets do the b est job, but only for v ery large n .

6. Hea viSine. Another Donoho and Johnstone example. This lo oks promising for the F ourier basis,

except for the t w o jumps. The Haar basis is not go o d here b ecause it cannot effectiv ely compress

the smo oth parts of signal. The smo oth w a v elet bases compress this signal quite w ell.

7. Doppler. The final Donoho and Johnstone example. The time v arying frequency mak es this v ery

hard for the F ourier basis, with p o w er spread all across the sp ectrum. It is more suitable for the

w a v elets, with their space time lo calization. The smo oth w a v elets ha v e an adv an tage o v er the

Haar, b ecause the function is smo oth.

8. Angles. This function is piecewise linear, and con tin uous, but has big jumps in its first deriv ativ es.

It is ideal for the Daub ec hies 4 w a v elet, whic h passes lines through its lo w pass filter (but no

higher degree p olynomials). The Haar basis should b e somewhat w orse than the smo other w a v elet,

b ecause more of the p o w er of the signal will b e spread to finer scales. The F ourier basis is not

exp ected to compress this w ell, although the p erformance should not b e so bad as most of these

examples, since this one is con tin uous,

9. P arab olas. This function is piecewise parab olic. The function and its first deriv ativ e are con-

tin uous, but there are big jumps in its second deriv ativ e. It is ideal for the Daub ec hies 6, and

Symmlet 6 bases. It is to o smo oth to compress w ell in the Haar basis. Compression should b e

reasonable for the F ourier basis, b ecause b oth the function and its first deriv ativ e is con tin uous.

10. Time Shifted Sine. This is a time shifted sine w a v e. It is in tended to b e a v ery smo oth function,

but rather far from a linear com bination of sine w a v es. W e view this as represen ting the t yp e of

curv e that “traditional smo others” w ould consider estimating. The Haar basis should do a p o or

job of compression, but the smo other bases should do w ell.

A visual idea of t w o noise lev els that are used later in the pap er is also giv en in Figure 1. “Lo w

Noise”, σ = 0 . 02 , is usually somewhat lo w er than the noise in examples b y Donoho and Johnstone.

“High Noise”, σ = 0 . 1, is in tended to b e a “usual amoun t” in a con v en tional nonparametric regression

setting.

T ransforms for some of the curv es in Figure 1 are sho wn in Figure 2, for n = 256. The ro ws corre-

sp ond resp ectiv ely to the target curv es # 1,8,10. All these plots displa y magnitudes of the transformed

co efficien ts, | θ

i

| , on the scale of log

10

, since they ha v e a large dynamic range. The first column sho ws a

visual displa y of the magnitudes of the log

10

| θ

j ,k

| sho wn as gra y lev els with blac k meaning essen tially 0

and ligh ter represen ting larger magnitude, for the Haar basis. Lo cations on the image reflect lo cations

in “time-frequency” space, with scales indexed b y j = 0 , ..., 7 sho wn v ertically , and x lo cations on the

same scale as in Figure 1, sho wn horizon tally . F or eac h scale j , there are 2 j

gra y bars of equal length,

whic h represen t the influence of eac h θ

j ,k o v er the supp ort of the corresp onding basis function. The

second column is a similar gra y lev el represen tation of the log

10

| θ

j ,k

| for the Symmlet 8 basis. The

third column sho ws the log

10

| θ

i

| for the F ourier basis, where the ordering is based on frequency . The

fourth column allo ws comparison of the p erformance of the w a v elet bases with the F ourier basis in

compressing these signals. It sho ws the same set of magnitudes as sho wn in the first three columns,

but no w they are in decreasing order.

[put Figure 2 ab out here]

Figure 2: L o gs of absolute values of tr ansforme d c o efficients of tar get functions, with

r esp e ct to differ ent b ases. First and se c ond c olumns r epr esent magnitudes of log

10

| θ

i

| as

gr ay level images, for the Haar and Symmlet 8 b ases. Thir d c olumn shows magnitudes

as heights for the F ourier b asis, in or der of incr e asing fr e quency. L ast c olumn shows same

magnitudes, but sorte d in de cr e asing or der, to al low c omp arison of c ompr ession acr oss b ases.

A k ey p oin t visible in these plots: so long as the w a v elet basis has sufficien tly man y v anishing

momen ts, the nature and order of a discon tin uit y can b e read off from the slop e of linear deca y (on the log scale) of the w a v elet co efficien ts that in tersect that singularit y . This is describ ed for the con tin uous

w a v elet transform in Daub ec hies (1992, pp45, 48) [ 7 ].

F or the #1 Step regression function sho wn in the top ro w, the go o d compression pro vided b y the

Haar is visually clear. The gra y lev el displa y sho ws that the jump at x = 1 / 3 giv es a single large

co efficien t at eac h scale (recall blac k means the co efficien t has essen tially zero magnitude), while the

jump at x = 3 / 4 app ears only for j = 1, but for no finer scales, b ecause it is represen ted completely

b y the basis function ψ

1 , 1

. The Symmlet 8 basis has some co efficien ts at all scales that are affected b y

b oth of the jumps (i.e. are ligh t at fine scales), but the n um b er is not terribly large, so the compression

is go o d for this basis to o (more dark lo cations means b etter signal compression). Ho w ev er, the F ourier

basis is sev erely affected b y the jumps, and spreads the p o w er of this signal all across the sp ectrum.

F or the #8 Angles regression function sho wn in the middle ro w, the Haar basis has some co efficien ts

that are 0 for lo cations x ∈ (0 . 2 , 0 . 5), where the target curv e is flat, but is nonzero in most lo cations,

b ecause the differencing op eration captures some of the p o w er of the slop ed parts. The sorted sp ectrum

on the righ t has steps, b ecause man y co efficien ts are the same as eac h other, coming from regions where

the regression curv e has constan t slop e. The Symmlet 8 basis compresses this signal b etter than the

Haar basis. A t finer scales, it giv es 0 co efficien ts ev erywhere except near the kinks. The F ourier basis

no w giv es somewhat b etter compression (than it did for the #1 Step target), b ecause this regression

function is con tin uous.

F or the #10 Time Shifted Sine, the Haar basis again giv es v ery p o or compression. The Symmlet

8 and the F ourier b oth giv e v ery go o d compression of this smo oth signal. V ersions of these plots ha v e

b een made for the other target functions, but these are not sho wn here to sa v e space, b ecause most of

the main ideas are con tained in the ones selected for Figure 2, and b ecause they can b e constructed

using our MA TLAB bro wser.

An imp ortan t p oin t is that there is no single basis whic h is effectiv e for the go o d compression (and

hence estimation) of all plausible signals. This has lead to recen t researc h in fast algorithms for “b est

basis selection”, see e.g. Coifman, et. al. (1992) [ 5 ]. Some theoretical results on denoising in the

con text of b est basis algorithms are con tained in Donoho and Johnstone (1994c) [ 12 ].

Figure 3 giv es an indication of what compressibilit y of a target function b y a basis implies in terms

of p ossible p erformance b y an orthogonal series estimator. A b enc hmark for this comes from ha ving

an “oracle” whic h indicates the order of the | θ

i

| . With this extra information, a sensible estimator

(the unordered v ersion is called the “pro jection estimator” in Section 1.4) w ould in v olv e the first few

co efficien ts. More precisely , let

|

|

| θ

(1)

|

|

| , ...,

|

|

| θ

( n )

|

|

| b e a decreasing ordering of | θ

1

| , ..., | θ

n

| . Giv en a cutoff

v alue i

0 define the “oracle pro jection estimator”

^ m

O ,i

0

( x

i

) =

∑

i

′

≤ i

0

~

θ

( i

′

) ψ

( i

′

) ,i

,

P erformance of this estimator can b e assessed b y its exp ected a v eraged squared error, called “risk” in

Section 2,

R

O

( i

0

) = E n

− 1 n

∑

i =1

[ ^ m

O ,i

0

( x

i

) − m ( x

i

)]

2

.

Insigh t in to the risk comes from writing it as the sum of the a v eraged v ariance

AV

O

( i

0

) = n

− 1 n

∑

i =1 v ar ( ^ m

O ,i

0

( x

i

)) = n

− 1

∑

i

′

≤ i

0 σ

2

= i

0 σ

2

/n,

and the a v eraged squared bias,

AS B

O

( i

0

) = n

− 1 n

∑

i =1

[ E ^ m

O ,i

0

( x

i

) − m ( x

i

)]

2

= n

− 1

∑

i

′

>i

0 θ

2

( i

′

)

.

The curv es R

O

( i

0

), AV

O

( i

0

), and AS B

O

( i

0

) are sho wn in Figure 3, for the #1 Step regression function.

The AV

O

( i

0

) curv e is the same for all bases, as this dep ends only on σ

2

.

[put Figure 3 ab out here]

Figure 3: Me an Squar e d Err ors, with varianc e and squar e d bias de c omp ositions, for the

or acle b ase d pr oje ction estimator, with r esp e ct to differ ent b ases, for differ ent sample sizes.

The numb er of terms use d by the estimator is i

0

. with log

2

( i

0

) shown on the horizontal axis.

Noise levels ar e “High”, σ = 0 . 02 and “L ow” σ = 0 . 1 , which give the two values of AV

O

( i

0

)

(sinc e these ar e the same r e gar d less of b asis). Thin line typ es for the aver age d squar e d bias

AS B

O

( i

0

) , and thick line typ es for the risk R

O

( i

0

) = AV

O

( i

0

) + AS B

O

( i

0

).

P erformance in Figure 3 of the differen t bases with resp ect to R

O

( i

0

) is driv en b y the compressibilit y

indicated in the righ t hand column of Figure 2. A useful quan tification of compression comes from the

functional

Ω

σ

=

∑

i min ( σ

2

, θ

2

i

) .

This has a close relationship to R

O as sho wn in Figure 3, since

Ω

σ

= i ( σ ) σ

2

n

+

∑

i>i ( σ ) θ

2

( i )

= AV

O

( i ( σ ) ) + AS B

O

( i ( σ ) ) = R

O

( i ( σ ) ) ,

where i ( σ ) = # { i : θ

2

i

> σ

2

} . The Haar basis giv es the b est compression of the signal, whic h results

in the smallest AS B

O

( i

0

) and R

O

( i

0

). The F ourier basis is the w orst, and the Symmlet 8 basis is in

b et w een. In general, when bias is w orse, the optimal c hoice of i

0 is larger, and the minim um R

O

( i

0

) is

increased. As n increases, AV

O

( i

0

) decreases, with a resulting impro v emen t in the minim um R

O

( i

0

).

This estimator ^ m

O ,i

0 mak es use of the ordering of the magnitudes of the co efficien ts θ

i

, whic h

is una v ailable in practice. Thresholding metho ds, discussed in Section 1.4, attempt to giv e similar

p erformance, without making use of this ordering.

A useful diagnostic to ol for understanding thresholded estimates is giv en in Figure 4. F or eac h

signal, and eac h basis, again let

|

|

| θ

(1)

|

|

| , ...,

|

|

| θ

( n )

|

|

| b e decreasing ordering of | θ

1

| , ..., | θ

n

| . F or a prop ortion

p , the “p o w er remaining in the last np of the co efficien ts” is

P R ( p ) =

∑

i>np θ

2

( i )

.

See Donoho (1993) [ 8 ] for discussion of a closely related quan tit y . This is a relab elling of the curv e

AS B

O sho wn in Figure 3, the a v eraged squared bias of the “oracle pro jection estimator”. It is also

a single target function v ersion of the minimax notion of “tail-n-widths” of sets of co efficien ts arising

from certain smo othness classes, see definition 4 in Section 4.3.3 of Donoho, Johnstone, Kerky ac harian

and Picard (1995) [ 14 ]. It is the part of the risk due to the last np of the ordered co efficien ts, if they

are simply all set to 0.

Tw o suc h curv es are sho wn in the lo w er righ t of Figure 4. The curv es go do wn quite rapidly in

p when there is go o d compression of the signal, and go do wn slo wly when the p o w er of the signal is

spread among man y co efficien ts. There is a strong qualitativ e relation of these curv es to those in the

righ t hand column of Figure 2, whic h pro vides a somewhat differen t measure of ho w w ell eac h basis can

compress the signals. In particular the comparisons as to ho w w ell eac h basis compresses eac h signal

are the same from either viewp oin t. The curv es in Figure 4 lo ok visually smo other mostly b ecause

they are cum ulativ e in nature. W e found them somewhat more useful for understanding the b eha vior of differen t estimators seen in later sections of this pap er, probably b ecause they are more in timately

connected to the bias of the estimation pro cess.

T o understand ho w the relativ e magnitudes of the co efficien ts relate to the size of the t w o noise

lev els, sho wn in the lo w er righ t hand parts of Figure 1, w e also include “p o w er remaining in the noise”

curv es in the lo w er righ t hand part of Figure 4. These are similar to P R ( p ), except that eac h θ

2

i is

replaced b y a realization of the noisy v ersion,

~

θ

2

i

, where the regression curv e is tak en to b e 0, so this

is a “pure noise pro cess”. These giv e some insigh t in to whic h parts of the p o w er remaining curv es are

“negligibly small”.

Ev en more useful than p o w er remaining, for understanding the b eha vior of estimators, w as a “ro w-

wise” v ersion of the p o w er remaining plots, whic h is sho wn in the rest of Figure 4. This is crucial in

understanding the exact risk calculations, b ecause m uc h of what is seen there dep ends on whether or

not the finer scale terms ha v e some significan tly large co efficien ts. F or eac h scale, indexed b y j = 0 , ..., 7,

the co efficien ts θ

2

j , 0

, ..., θ

2

j , 2 j

− 1 are ordered as θ

2

j , (0)

, ..., θ

2

j , (2 j

− 1)

. F or a prop ortion p , the “p o w er remaining

in the last p of the co efficien ts for scale j ” is

R P R ( p ) =

∑

i>np θ

2

j , ( i )

.

These curv es are then arranged in order of finer scale. The finest scale part, j = 7 app ears in the plot

ab o v e the in terv al [7 , 8), the next finest scale, j = 6, is ab o v e the in terv al [6 , 7], etc.

[put Figure 4 ab out here]

Figure 4: Bottom r ow, two right hand plots ar e p ower r emaining, P R ( p ) in the last np

c o efficients, for e ach tar get curve, for n = 256 , overlaid with pur e noise p ower r emaining.

Other plots ar e r ow-wise p ower r emaining, R P R ( p ) . Part ab ove the interval [ j , j + 1] is

R P R ( p ) for the given j , i.e. for that “r ow” of wavelet c o efficients having al l the same sc ale.

These al low c omp arison of how wel l the b ases c ompr ess signals, in this r ow-wise sense,

which wil l give insights in later se ctions.

An imp ortan t lesson of Figure 4 is that the Symmlet 8 basis v ery often giv es either the b est

compression of the signal, or is not far from the basis whic h is b est. Both the Haar and the F ourier

bases ha v e cases where they are the b est, but all to o man y sp ectacular failures. This is a graphical

demonstration of wh y smo oth w a v elet bases, suc h as the Symmlet 8, ha v e generated considerable

in terest. In particular they pro vide a reasonable balance b et w een t w o goals. First, they are lo calized

in time (in con trast to the F ourier basis), whic h allo ws greater spatial adaptivit y . Second, when m

is sufficien tly smo oth, p o w er at eac h lo cation is pac k ed in to relativ ely few co efficien ts (the Haar basis

is p o or at this). See for example Section I I I.11 of V olume I of Mey er (1990) [ 26 ], where an explicit

comparison of F ourier and w a v elet bases is carried out.

In studying the Symmlet 8 basis, a k ey idea for understanding the exact risks b elo w is that the

regression functions can b e divided in to t w o groups. The first group has some significan tly large

co efficien ts at eac h scale, and includes #1, #3, #4, #5, #6, #7. These are functions whic h are

essen tially smo oth in a spatially inhomogeneous sense (mo deled as regions in certain t yp es of Beso v-

T rieb el spaces), in particular allo wing some nonsmo oth features, but only at a few lo cations. The

second group has no significan t co efficien ts for scales finer than a certain lev el, including #2, #8, #9,

#10. The second group are those that are essen tially smo oth in a more commonly considered spatially

homogeneous sense (often mo deled as Sob olev classes). Here the amoun t of smo othness is roughly the

same at all lo cations.

1.4. Thresholded w a v elet estimators

Because of the generally go o d compression prop erties of the w a v elet bases, the double index structure

will b e frequen tly used in the rest of this pap er. Hence w a v elet transforms of m and Y will b e

θ = f

0 , 0

θ

0 , 0

θ

1 , 0

θ

1 , 1

θ

2 , 0

.

.

.

and

~

θ =

~

f

0 , 0

~

θ

0 , 0

~

θ

1 , 0

~

θ

1 , 1

~

θ

2 , 0

.

.

.

where ob vious analogs of (1.1) and (1.2) are used, and basis v ectors are appropriately relab elled. This

structure will b e used ev en for the F ourier basis, where the terms are rather arbitrarily group ed so that

smaller j corresp onds to lo w er frequency . This is somewhat restrictiv e for the F ourier basis, b ecause

only log

2

( n ) differen t pro jections will th us b e considered in the comparisons to come (instead of the

usual full range of frequencies).

A simple orthogonal series estimator, called here the “pro jection estimator”, is based on the hop e

that most of the p o w er of the signal is concen trated in the lo w est frequency comp onen ts, while the

noise is spread ev enly across co efficien ts, and th us most of it will b e in the high frequency co efficien ts.

A reasonable estimator is then simply based on the coarse scale (i.e. lo w frequency) empirical w a v elet

co efficien ts

~

θ

j ,k

, defined at (1.2). This is equiv alen t to setting the fine scale co efficien ts to 0 and in v erting

the transform. Supp ose scales of lev el j

0 and finer are to b e truncated. Then w e get the estimator

^ m

P

( x

i

) = ^ m

P

( x

i

, j

0

) =

~

f

0 , 0 φ

0 , 0

+ j

0

− 1

∑

j =0

2 j

− 1

∑

k =0

~

θ

j ,k ψ

j ,k ,i

, (1.3)

where ψ

j ,k ,i denotes the i -th en try of the j , k -th basis v ector, ψ

j ,k

. An alternate w a y of writing this

estimator, whic h is con v enien t for generalization to “thresholded estimators” is based on the concept

of “estimated co efficien ts”

^

θ

j ,k ,T

=

{

~

θ

j ,k j < j

0

η

T

(

~

θ

j ,k

, λσ ) j ≥ j

0

,

whic h uses some “thresholding function”, η

T

(

~

θ

j ,k

, λσ ), and results in the general form

^ m

T

( x

i

) = ^ m

T

( x

i

, j

0

) =

~

f

0 , 0 φ

0 , 0

+ log

2

( n/ 2)

∑

j =0

2 j

− 1

∑

k =0

^

θ

j ,k ,T ψ

j ,k ,i

. (1.4)

The case T = P comes from η

P

(

~

θ

j ,k

, λσ ) = 0 .

The hard thresholding idea can b e view ed as an extension of (1.3) where a few finer scale terms

are v ery selectiv ely added in. T erms are included if their magnitudes are larger than some “threshold

v alue” λ times σ (or an estimated v alue in practice). This idea is summarized mathematically b y a

threshold function of the form

η

H

( θ , λ ) = θ 1

{ | θ | >λ }

.

The resulting estimator is (1.4) with T = H .

Soft thresholding is a related idea, in particular the same t yp e of c hoice is made as to whic h terms

to include. The difference b et w een soft and hard thresholding is that in the soft case, the finer scale

terms that are included are also shrunk. This shrinking has the effect of reducing v ariance, but at some cost in increased bias (this will b e made more clear b elo w). More precisely define the threshold

function

η

S

( θ , λ ) = sg n ( θ )( | θ | − λ )

+

.

The resulting estimator is (1.4) with T = S .

An attractiv ely simple c hoice of threshold v alue λ , is based on the idea of “denoising”, whic h at-

tempts to eliminate terms whic h are pure noise. F or homoscedastic noise, σ can b e v ery w ell estimated,

sa y b y a robust scale estimate applied to the finest scale w a v elet co efficien ts, so w e will assume that σ

is kno wn. Assuming the errors are Gaussian allo ws use of the in teresting prop ert y that for X

1

, ..., X

n

i.i.d. N (0 , σ

2

),

P

(

max

i =1 ,...,n

| X

i

| ≤ σ

√

2 log ( n )

)

→ 1 ,

e.g. see Theorem 1.5.3 of Leadb etter, Lindgren and Ro otz én (1983) [ 22 ], where log denotes the natural

logarithm. Hence the threshold λ

D

=

√

2 log ( n ) will zero out ev ery term that has all noise, and no

signal. This threshold c hoice giv es some in teresting asymptotic near-minimax prop erties, as sho wn in

Donoho et. al. (1995) [ 14 ].

A smaller threshold c hoice, whic h adjusts for some of the bias problems of soft thresholding, has

b een prop osed b y Donoho and Johnstone (1994a) [ 10 ], using finite sample minimax considerations. W e

call this c hoice (whic h dep ends on n ) λ

M O

, for Minimax Optimal.

2. Exact risk for thresholded estimators

A commonly considered measure of the p erformance of an estimator, ^ m ( x ) of the curv e m ( x ), (i.e. of

the v ector ^ m as an estimate of m ) is the exp ected a v eraged squared error risk function

R ( ^ m ) = R ( ^ m ) = n

− 1

E ( ^ m − m ) t

( ^ m − m ) = E n

− 1 n

∑

i =1

[ ^ m ( x

i

) − m ( x

i

) ]

2

.

F or estimators of the form in tro duced in Section 1.4 (no w replacing the j , k indexing b y an equiv alen t

i = 1 , ..., n ), a useful represen tation of the risk, b y P arsev al’s iden tit y is:

R ( ^ m ) = n

− 1 n

∑

i =1

E

[

^

θ

i

− θ

i

]

2

.

Note that under the assumption of indep enden t normal errors, ε ∼ N (0 , σ

2

I ), where ε = ( ε

1

· · · ε

n

) t

,

the orthonormalit y of the transformation giv es

~

θ ∼ N ( θ , σ

2

I ), where θ = ( θ

1

, ..., θ

n

) t

and

~

θ = (

~

θ

1

, ...,

~

θ

n

) t

.

Hence it is simple to calculate the risk of the pro jection estimator ^ m

P

. When ^ m is a thresholded orthog-

onal series estimator, calculation of R ( ^ m ) is complicated b y the fact that ^ m is not a linear estimator.

Ho w ev er, closed forms for the E

[

^

θ

i

− θ

i

]

2

ha v e b een deriv ed under the normal error assumption, b y

Donoho and Johnstone (1994b) [ 11 ].

F or a threshold v alue λ , not based on the data, calculation of eac h E

[

^

θ

i

− θ

i

]

2

is equiv alen t to the

risk of estimating a single normal mean θ , based on a single observ ation X ∼ N ( θ , σ

2

). Hard and soft

thresholded estimates

^

θ

H

= η

H

( X , λσ ) and

^

θ

S

= η

S

( X , λσ ) ma y b e emplo y ed in this con text as w ell.

The risks are:

E

[

^

θ

H

− θ

]

2

= σ

2

r

H

( θ /σ , λ ) , (2.1)

and

E

[

^

θ

S

− θ

]

2

= σ

2

r

S

( θ /σ , λ ) (2.2) where

r

H

( μ, λ ) = μ

2

[ Φ( λ − μ ) − Φ( − λ − μ ) ] +

~

Φ ( λ − μ ) +

~

Φ ( λ + μ )

+( λ − μ ) ϕ ( λ − μ ) + ( λ + μ ) ϕ ( λ + μ )

(2.3)

and

r

S

( μ, λ ) = 1 + λ

2

+

(

μ

2

− λ

2

− 1

)

[ Φ( λ − μ ) − Φ( − λ − μ ) ]

− ( λ − μ ) ϕ ( λ + μ ) − ( λ + μ ) ϕ ( λ − μ )

(2.4)

for Φ the standard normal cum ulativ e distribution function, and

~

Φ it’s complemen t, giv en b y

~

Φ ( x ) =

1 − Φ( x ). These form ulas are summed to giv e the exact risks used in the rest of the pap er.

2.1. The single co efficien t case

The form ulas (2.3) and (2.4) pro vide substan tial insigh t in to the relativ e b eha viors of hard and soft

thresholding. Hence w e study these functions first. Plots are sho wn for b oth hard and soft thresholding

in Figure 5. They sho w single co efficien t risks in the case σ

2

= 1. F or general σ

2

, the picture is the

same, except scaled v ertically b y σ

2

, and the θ axis should b e replaced b y μ = θ /σ .

[put Figure 5 ab out here]

Figure 5: Single c o efficient exact risks. Har d thr esholding in the upp er left, soft thr eshold-

ing in the upp er right, the differ enc e in the lower left. The top shows that har d thr esholding

has smal ler risk in most r e gions. A differ ent display is use d in the b ottom, to show that the

soft thr eshold is slightly smal ler for smal l θ and mo der ate λ , which is wher e many terms

should b e when ther e is go o d signal c ompr ession.

First consider the hard thresholding displa y in Figure 5, think of fixed λ , and study the risk as a

function of θ . F or θ < 1, i.e. when the p o w er of the signal is less than the noise, the risk is less than

1 (= σ

2

), whic h is the risk from simply using the ra w data as the estimate, i.e.

^

θ =

~

θ . This v alue is

smaller for larger λ . When λ > 1 (usually true in this con text), for θ roughly b et w een 1 and 2 λ , the

risk is quite a bit larger, with a p eak at θ near λ . This p eak is taller for larger λ . Hard thresholding is

w orse than estimating with the ra w data when θ is in this range, b ecause there is a large probabilit y

(highest near θ ≈ λ ) of zeroing out a relativ ely large co efficien t (the heigh t of the curv e is essen tially

the “squared bias”, whic h is the pro duct of θ

2

and the probabilit y of its b eing mistak enly zero ed). The

risk decreases for θ >> λ , b ecause then there is only a small probabilit y that suc h a co efficien t will

b e zero ed. F or v ery large θ , the risk is essen tially 1, since

^

θ ≈

~

θ , so R (

^

θ ) ≈ v ar (

~

θ ) = σ

2

= 1, i.e. the

p erformance is essen tially the same as using

^

θ =

~

θ . Hard thresholding will b e effectiv e when few of the

co efficien ts are close to the threshold λσ . Thresholding only those terms with scale finer than j

0 can

help a v oid ha ving to o man y terms in this “b oundary” area.

Next consider the soft threshold risk in Figure 5, as a function of θ , for eac h fixed λ . Soft thresholding

has a higher maxim um risk o v er this range than hard thresholding. Again for θ ≤ 1, i.e. the signal is

smaller in magnitude than the noise, the risk is less than 1, and there is an adv an tage to thresholding.

As for hard thresholding though, when the signal is bigger than the noise, soft thresholding is w orse

than using the ra w data as the estimator. Unlik e hard thresholding, this effect do es not diminish for

larger v alues of θ , b ecause the shrink age in the soft threshold induces some bias. Instead of going do wn

to 1, the risk instead increases monotonically to 1 + λ

2

. This has the p oten tial to create sev ere bias

problems, b ecause some of the coarser scale co efficien ts are exp ected to b e quite large. Hence for soft

thresholding it is imp ortan t (and more imp ortan t than for hard thresholding) to threshold only those

terms with scale finer than a reasonably large v alue of j

0

. F urthermore the v alue of j

0 that is used will

ha v e a stronger effect than for hard thresholding. This effect is seen in Figure 7 b elo w.

Comparison b et w een the risks is giv en in the b ottom part of Figure 5. This is an o v erla y of functions

of θ , for sev eral λ ’s, since it is hard to tell whic h metho d is b etter from a surface plot as in the other

parts. Note that soft thresholding is sligh tly b etter than hard for smaller θ . This is b ecause the

shrink age effect of soft thresholding reduces v ariabilit y , and bias is not imp ortan t. But for larger θ ,

bias effects b ecome dominan t, and hard thresholding is sup erior. Note that the latter effect is m uc h

larger in magnitude, esp ecially for larger v alues of λ .

The risk R ( ^ m ) is an aggregate of suc h single co efficien t risks. Soft thresholding will b e sup erior to

hard when a large enough share of the large co efficien ts are at coarser scales than j

0

. But it do es not

tak e to o man y large co efficien ts at finer scales to put hard thresholding ahead of soft. This will happ en

in a n um b er of the follo wing examples. Ho w ev er it is imp ortan t to k eep in mind that w e lo ok only from

the particular view of squared error risk. Soft thresholding has attractions of other t yp es. One of these

is that it is theoretically more tractable, so it is sensible to first analyze new settings in these terms, to

giv e insigh ts in to handling the theory for the tec hnically demanding case of hard thresholding. Another

attraction is the in tuitiv e connection to the deterministic theory of optimal reco v ery , as discussed in

section 4 of Donoho, et. al. (1995) [ 14 ], whic h giv es a differen t and also imp ortan t t yp e of b enefit: a

high probabilit y of no sampling artifacts app earing (whic h comes at a cost of increased bias).

2.2. As a function of initial threshold scale

In this section w e study ho w the risk R ( ^ m ) dep ends on the scale j

0 b ey ond whic h terms are thresholded

(or zero ed in the case of the pro jection estimator).

The first comparison is of the bases, as sho wn in Figure 6, where comparisons are done for hard

thresholding, and the threshold v alue λ

D

, since this is among the b est as seen b elo w. The examples

in Figure 6 are based on n = 1024 observ ations. The ro ws of Figure 6 corresp ond to differen t signals,

and the t w o columns sho w the log of the risk, for the lo w and high noise lev els. The curv es are all

m uc h higher in the second column b ecause it is harder to estimate in the presence of more noise. The

upp er horizon tal line in eac h plot corresp onds to the “Ra w Data Estimate”, ^ m = Y . A t j

0

= 10, eac h

estimator is the same as this estimator, b ecause then no terms are thresholded so ^ m =

~

θ = Y . The

other horizon tal lines, that are thin and ha v e the same line t yp es as the curv e for eac h basis, indicate

the “ideal pro jection Risk”, min

i

0

R

O

( i

0

) (i.e. the minim um of the curv e of the t yp e sho wn in Figure

3) whic h is the risk of a pro jection estimator, when an oracle indicates exactly whic h terms should b e

included. Note that this ideal risk dep ends critically on the basis, since it is essen tially a measure of

ho w w ell the signal compresses in that basis.

[put Figure 6 ab out here]

Figure 6: Exact R isk as a function of initial thr eshold sc ale j

0

, shown as thick curves,

al lowing c omp arison of b ases. F or har d thr esholding with denoising thr eshold λ

D

. T ar get

functions sele cte d her e ar e #1 Step, #2 Wave and #6 He aviSine. Both noise levels ar e

shown. Bases ar e Haar, Symmlet 8 and F ourier, with indic ate d line typ es. “Ide al R isk”,

i.e. min

i

0

R

O

( i

0

) , is shown for e ach b asis as the thin horizontal line with the same line typ e.

The top ro w pro vides a comparison of the p erformance of bases for the #1 Step regression function.

Recall from Figure 4 that the Haar basis compresses this signal v ery w ell (i.e. a great deal of the p o w er

of the signal is con tained in relativ ely few co efficien ts), so its ideal risk is quite small. This results in

sup erior risk for this basis, compared to the others. F or the Haar basis, the risk is also b etter for smaller

j

0

, since this allo ws more terms to b e zero ed b y the thresholding pro cess (not zeroing them in tro duces

additional v ariance). The F ourier basis giv es v ery p o or p erformance (for lo w noise and j

0

< 8, it is

ev en w orse than the estimator ^ m = Y , and its ideal risk is also quite p o or). The reason for this is seen in Figure 4: the p o w er of the signal is spread among v ery man y co efficien ts. A large prop ortion of the

co efficien ts are in the p eak area of the hard thresholding part of Figure 5. The effect is less for the high

noise, b ecause man y co efficien ts are then relativ ely smaller than the threshold λσ . The p erformance of

the Symmlet 8 basis is b et w een that of the others, whic h fits with the fact that its compression of this

signal is in b et w een as w ell.

The second ro w pro vides a similar comparison for the #2 W a v e regression function. No w the

situation with resp ect to the bases is rev ersed, b oth in Figure 4, and here. F or b oth noise lev els, the

Symmlet 8 basis has the same risk as the F ourier basis for j

0

≥ 6, b ecause the p o w er of the signal for

b oth bases is concen trated in scales coarser than j

0

(as sho wn in Figure 4), so eac h estimator is based

on using a set of 2 j

0

ra w data co efficien ts that con tain essen tially the full p o w er of the signal. The

Symmlet 8 b ecomes m uc h w orse for smaller j

0 b ecause the signal do es ha v e substan tial p o w er (widely

spread among co efficien ts, since the time lo calization prop ert y of the w a v elets do es not help in this

example) for scales with j < 6 (this corresp onds to p < 0 . 0625 in Figure 4). The picture for high noise

is similar to that for lo w noise, except the righ t side is “lifted up” b y the higher v ariabilit y in the data.

The third ro w of Figure 6 is roughly represen tativ e of the p erformance for the large ma jorit y of

regression functions that w e considered (see our MA TLAB bro wser for the rest of these). The Symmlet 8

basis w as almost alw a ys sup erior, although sometimes one of the other bases w as comp etitiv e, esp ecially

for high noise, b ecause the sup erior compressibilit y prop erties of the Symmlet 8 do es in v olv e some “start

up cost” as seen in Figure 4, meaning that there are relativ ely man y “large” co efficien ts, while the

“sup erior compressibilit y” applies to the ma jorit y of smaller co efficien ts. This confirms the assertion

that the smo oth w a v elet bases giv e reasonable all around p erformance, see for example Donoho (1993)

[ 8 ]. Hence in m uc h of the follo wing, w e will fo cus on the Symmlet 8 basis.

The next comparison is of the differen t thresholding t yp es, i.e. a comparison of ^ m

P

, ^ m

H and ^ m

S

,

sho wn in Figure 7. Again the t w o ro ws sho w t w o differen t target functions. The format is the same

as in Figure 6. This comparison is explicitly sho wn for the Symmlet 8 basis, for the lo w noise lev el

σ = 0 . 02 , for the threshold v alue λ

D

, and for n = 1024. See our MA TLAB bro wser for man y more

suc h plots.

[put Figure 7 ab out here]

Figure 7: Exact R isk as a function of initial thr eshold sc ale j

0

, al lowing c omp arison of

thr eshold typ es. Sele cte d tar get functions ar e #10 Time Shifte d Sine and #4 Blo cks. Only

low noise shown. Basis is Symmlet 8.

The main ideas for the plots for all the differen t regression examples w ere of t w o differen t t yp es,

represen ted b y #10 and #4 in Figure 7. Where the finer scale co efficien ts w ere all essen tially negligibly

small, the estimators ga v e the same p erformance (and indeed are practically the same as eac h other)

for large j

0

. But for smaller j

0 there is some b enefit to thresholding, b ecause man y of the terms are

quite small, but some should b e included. The effect w as usually larger for hard thresholding than

for soft, b ecause soft thresholding pa ys a higher price for the larger co efficien ts, as sho wn in the soft

threshold part of Figure 5. A t ypical setting of this t yp e is sho wn in the top ro w, where the target

is the #10 Time Shifted Sine. In this case, the p o w er of the signal is negligible for j ≥ 6, as seen in

Figure 4.

The other t yp e of p erformance app eared in settings where the signal had appreciable p o w er in some

co efficien ts at all lev els, as for the #4 Blo c ks regression in Figure 4. Here the three estimators are

differen t ev en for the larger j

0

. Soft thresholding encoun ters difficult y ev en for the larger j

0 since no w

there to o man y terms in the high region of the soft threshold part of Figure 5. The pro jection estimator

is scarcely b etter than the Ra w Data estimate, since zeroing all the terms at an y scale incurs to o m uc h

bias.

In all cases, the Pro jection estimator w as often a lot w orse, and essen tially nev er b etter, than the

thresholded estimators. This confirms the w a v elet nonparametric regression folklore, see e.g. Donoho

and Johnstone (1992) [ 9 ], indicating this estimator should b e ruled out in most situations b ecause it is

not spatially adaptiv e. Another viewp oin t on this is pro vided b y Hall and P atil (1995d) [ 20 ], who sho w

it is essen tially a k ernel estimator with a sp ecial biv ariate k ernel. The hard t yp e of thresholding w as

t ypically m uc h b etter, and essen tially nev er w orse, than the soft thresholding, in the sense of squared

risk considered here. Note ho w ev er, that this is only for the case of the threshold v alue λ

D

. Soft

thresholding impro v es dramatically for λ

M O

.

The next comparison is of the thresholding t yp es and v alues. In particular, this no w includes λ

M O

.

W e omit the com bination of hard thresholding, with λ

M O

, b ecause that v alue w as not in tended for

hard thresholding, and b ecause it w as almost alw a ys m uc h w orse than hard thresholding with the v alue

λ

D

, and w as nev er significan tly b etter. This comparison w as also done using the Symmlet 8 basis, and

n = 1024.

[put Figure 8 ab out here]

Figure 8: Exact R isk as a function of initial thr eshold sc ale j

0

, al lowing c omp arison of

thr eshold values and thr eshold typ es. In p articular this c omp ar es har d thr esholding with λ

D

,

vs. soft thr esholding with λ

M O

. Sele cte d tar get functions ar e #7 Doppler and #6 He aviSine.

Both noise levels ar e shown. Basis is Symmlet 8.

The top ro w of Figure 8 sho w this comparison for the #7 Doppler regression, whic h w as t ypical

of the ma jorit y of cases studied. F or the lo w noise lev el, hard thresholding with λ

D w as somewhat

b etter. But for the high noise lev el, soft thresholding, with λ

M O

. Soft thresholding with λ

D w as almost

alw a ys w orse, b ecause of the bias problems suggested b y Figure 5. One exception to this is sho wn in

the b ottom ro w of Figure 8, for #6 Hea viSine regression, with high noise. Here the soft threshold,

with λ

D

, is sligh tly b etter than the others. In this case, the scales j ≥ 3 had v ery few large co efficien ts

(whic h are w orst for this estimator, as sho wn in Figure 5), but relativ ely man y that w ere “small but

nonzero”, and hence in the lo w region of the soft threshold part of Figure 5. The magnitude of λ

M O

is smaller than λ

D

, whic h results in increased risk, as sho wn in Figure 5.

2.3. As a function of sample size

In this section w e study exact risk, as a function of sample size n . W e consider the range n =

64(2

6

) , ..., 16 , 384(2

14

). The parameter j

0 is handled b y using the v alue that minimizes the risk in eac h

case, so eac h curv e here is constructed using only the minim um of the curv es sho wn in the previous

section. The midp oin t of these plots, log

2

( n ) = 10, is n = 1024, whic h is used for most other examples

in this pap er.

F or comparison of the bases, the main ideas w ere similar to those in the preceding section. Figure

9 sho ws hard thresholding, with λ

D

, but v ery similar pictures w ere obtained for soft thresholding, with

λ

M O

. In particular the Symmlet 8 basis w as generally sup erior, b eing either b est or nearly b est in the

great ma jorit y of cases. F airly represen tativ e b eha vior is seen in Figure 9 for the lo w noise parts of #4

Blo c ks and #3 Blip. As exp ected, the Haar basis w as excellen t, and the F ourier basis v ery p o or for the

#1 Step (not sho wn to sa v e space) and #4 Blo c ks regressions. An exception to the exp ected is sho wn

for the high noise case, with #4 Blo c ks regression, where it to ok surprisingly large n = 2048 (2

11

),

b efore the Haar had smaller risk. This is a case where it tak es surprisingly long for the asymptotic

effect to b e dominan t. F or the #2 W a v e example (again not sho wn to sa v e space), the F ourier Basis

w as far sup erior, and the Haar basis w as m uc h the w orst. The Symmlet 8 basis w as in b et w een in these

cases, and generally sup erior otherwise. An exception w as the # 3 Blip regression, with high noise, where the Haar basis w as surprisingly comp etitiv e with the Symmlet 8. This is b ecause while there are

a large n um b er of Haar co efficien ts visible in Figure 4, most of them are m uc h lo w er than the high pure

noise lev el sho wn in the lo w er righ t parts of Figure 4, and th us are practically negligible. The F ourier

basis ga v e surprisingly go o d p erformance for the Angles regression, for the same reason. The Symmlet

8 basis will ev en tually b e sup erior, but this requires samples larger than n = 16 , 384. Again the ideal

pro jection risk for the giv en function and basis has also b een sho wn on the plot. The reason that some

of the ideal risks decrease faster than the thresholded risks (ev en for large n ) is the follo wing. F rom

Donoho and Johnstone [ 10 ] (1994a), w e ma y deriv e the inequalit y

log

2

( Risk ) ≤ log

2

(2 log n ) + log

2

( Ideal Risk )

whic h indicates a slo wly increasing upp er b ound on the separation b et w een the actual and ideal risk

lines for a giv en signal-basis com bination.

[put Figure 9 ab out here]

Figure 9: Exact R isk as a function of sample size n , shown as the thick curves, al lowing

c omp arison of b ases. The initial thr eshold sc ale j

0 is chosen to minimize the risk in e ach

c ase. The thin curves of e ach line typ e ar e the ide al pr oje ction risks, min

i

0

R

O

( i

0

) which

give a the or etic al lower b ound for the actual risk. Sele cte d tar get functions ar e #4 Blo cks,

#3 Blip and #8 A ngles. Both noise levels ar e shown. Bases ar e Haar, Symmlet 8 and

F ourier. Thr esholding is har d, with λ

D

.

Figure 10 allo ws comparison (this time lo oking at risk as a function of n ) of threshold t yp es and

v alues, as in Figure 8. As noted in the discussion of Figure 7 ab o v e, the examples w ere of t w o main

t yp es. Again the t yp es are determined b y whether or not there are a few large fine scale comp onen ts.

The case where there are fine scale comp onen ts is t ypified b y the #3 Blip regression, where there

w ere imp ortan t differences. F or all of these, the hard thresholding with λ

D w as the b est in lo w noise

con texts. In high noise cases, soft thresholding with λ

M O

, w as often b etter for smaller n , but this effect

tended to disapp ear asymptotically and then hard thresholding with λ

D w as sup erior.

The #8 Angles regression is t ypical of the case of essen tially no large co efficien ts finer than a certain

scale. Here all of the estimators had v ery similar p erformance, b ecause they are essen tially the same.

In these cases, soft thresholding, with λ

D w as sometimes sligh tly b etter than the others, for the same

reason as giv en ab o v e as for #6 in Figure 8.

[put Figure 10 ab out here]

Figure 10: Exact R isk as a function of sample size n , al lowing c omp arison of thr eshold

values and thr eshold typ es. In p articular this c omp ar es har d thr esholding with λ

D

, vs. soft

thr esholding with λ

M O

. The initial thr eshold sc ale j

0 is chosen to minimize the risk in e ach

c ase. Sele cte d tar get functions ar e #3 Blip and #8 A ngles. Both noise levels ar e shown.

Basis is Symmlet 8.

2.4. As a function of noise lev el

Another in teresting w a y to study the risk of w a v elet estimators is as a function of the noise lev el σ .

A comparison of the bases sho ws mostly the same lessons as ab o v e, so no pictures are included to

sa v e space. An in teresting feature w as that for bases whic h do a p o or job of signal compression, small

enough σ en tailed that the b est estimator (i.e. b est c hoice of j

0

) w as simply to return the ra w data,

i.e. use ^ m = Y . This is sensible, b ecause in suc h situations, the data are v ery informativ e. Ho w ev er, bases whic h pro vide go o d signal compression (extreme examples are the Haar basis for the #1 Step

regression, and the F ourier basis for the #2 W a v e regression) alw a ys giv e impro v ed p erformance, ev en

in the limit σ → 0.

A comparison of the thresholding t yp es and v alues, again leads to t w o main t yp es of examples,

dep ending on whether there are large co efficien ts at finer scales or not. Represen tativ e examples are in

Figure 11 (this time lo oking at risk as a function of σ ) . When there are large co efficien ts at finer scales,

there is a difference b et w een the differen t t yp es of estimator, as sho wn for the #5 Bumps regression,

and hard thresholding, with λ

D

, is ev en tually b etter as σ → 0. This is b ecause as σ gets smaller, more

and more terms are in the area of the lo w er part of Figure 5 where hard thresholding is sup erior. But

the other approac hes can b e b etter in other regions. In particular, note that soft thresholding with

λ

M O is b etter at σ = 0 . 1, i.e. log

10

( σ ) = − 1. When there are no imp ortan t co efficien ts for fine scales,

e. g. for the #10 Time Shifted Sine example, all metho ds are roughly the same, as noted ab o v e.

[put Figure 11 ab out here]

Figure 11: Exact R isk as a function of noise level σ , for n = 1024 , and the Symmlet

8 b asis, al lowing c omp arison of thr eshold values and thr eshold typ es. In p articular this

c omp ar es har d thr esholding with λ

D

, vs. soft thr esholding with λ

M O

. The initial thr eshold

sc ale j

0 is chosen to minimize the risk in e ach c ase. V ertic al lines show the “low noise

level”, σ = 0 . 02 and the “high noise level”, σ = 0 . 1 use d in other examples. Sele cte d tar get

functions ar e #5 Bumps and #10 Time Shifte d Sine.

An imp ortan t lesson from these sections is that the hard thresholding generally has b etter squared

error risk than soft thresholding. The o v erall strong p erformance of hard thresholding with λ

D w as

p erhaps surprising, since no attempt at optimizing risk is made, to the lev el done b y λ

M O

. In this

sense the comparison is not fair to the hard thresholding approac h. It w ould b e in teresting to see ho w

similar attempts to optimize hard thresholding w ould p erform.

Again the driving force b ehind the o v erall go o d p erformance of this simple hard thresholding seems

to b e that the gains in the single co efficien t risk, as indicated in the lo w er part of Figure 5, out w eigh

the adv an tages of the careful soft threshold c hoice.

2.5. As a function of threshold v alue

An in teresting question from a classical nonparametric regression viewp oin t, considered b y Hall and

P atil (1995c) [ 19 ], is “where is the smo othing parameter in w a v elet metho ds?” They suggest that for a

reasonable range of lev el dep enden t threshold v alues, b oth the initial threshold scale and the threshold

v alue function as smo othing parameters. In this section w e in v estigate the join t effect of j

0 and λ on

the Risk, as sho wn in Figure 12. The curv es sho wn in Section 2.2, are slices of surfaces suc h as these,

tak en along the dotted rectangles.

[put Figure 12 ab out here]

Figure 12: Exact R isk as a function of initial thr eshold sc ale j

0 and thr eshold value λ ,

for n = 1024 , the Symmlet 8 b asis, and har d thr esholding. The thr eshold values λ

D and

λ

M O

. ar e shown as dotte d r e ctangles. The lowest p oint on the surfac e, henc e the minimizing

values of j

0 and λ , is indic ate d by the vertic al dashe d line. Sele cte d tar get functions ar e #4

Blo cks and #8 A ngles. Both noise levels ar e shown.

These surfaces had the same general shap e for all of our examples. F or j

0 close to 10, the surfaces are

high, b ecause there is to o m uc h v ariance. This is essen tially the righ t hand side of eac h part of Figure

3, where AV dominates R . The v ariance comes from the estimator ha ving to o man y un thresholded

terms. Recall the extreme case j

0

= 10 is the ra w data estimator ^ m = Y . Similarly , the surfaces are

high for small v alues of λ , again b ecause of high v ariance from to o man y terms in the mo del, but this

time they come from the lo w threshold (again the extreme case is the ra w data estimator). When j

0 is

small, and λ is large, the surface is high b ecause the bias is to o large. This is essen tially the left side

of eac h part of Figure 3, where AS B dominates R . The bias comes from not enough terms b eing used

in the estimator.

In b et w een these high regions are t w o v alleys, whic h b oth start in the cen tral area. One v alley

is in the direction of smaller j

0

. This sho ws that for go o d c hoice of λ , there is usually not a large

p enalt y for smaller j

0

, i.e. for applying the thresholding op eration to more terms. The other v alley is

in the direction of large λ , and suggests there is often not a large p enalt y for raising the threshold lev el.

This second v alley has some imp ortan t differences dep ending on the particular regression function, in

a manner similar to that noted ab o v e. When there are a significan t n um b er of large co efficien ts at fine

scales (see Figure 4), as in the #4 Blo c ks case, this v alley is relativ ely high, b ecause bias is created

b y imp ortan t terms b eing eliminated through the higher threshold. In suc h cases the optimal c hoice

of λ w as usually close to the v alue λ

D

. It w as usually smaller as suggested b y the in tuition b ehind

λ

D

, with the one exception b eing the high noise case for the #4 Blo c ks regression. When all the finer

scale terms are negligible (again see Figure 4), as in the #8 Angles case, this v alley tended to b e rather

lo w er. This is b ecause, for reasonable j

0

, there are no terms to create additional bias from larger λ . In

suc h cases, the optim um (o v er the λ ’s considered) w as often at the largest v alue, λ = 2

√

2 log ( n ) .

These plots sho w that in an absolute sense, j

0 and λ do w ork lik e smo othing parameters, in the

sense that v arious trade offs of v ariance and bias can b e created b y appropriate adjustmen t of these

parameters, whic h illustrates the p oin ts of Hall and P atil (1995c) [ 19 ]. Ho w ev er, the c hoices of “ j

0 fairly

small” and λ

D

, giv e results that are un usually go o d (in the broader con text of smo othing parameter

selection) for suc h simple metho ds. While they are not alw a ys close to the optimal v alues, the Risk at

those v alues is nev er to o far from the minimizing Risk. This is a visual demonstration of the ideas in

Donoho and Johnstone (1994a) [ 10 ] and Donoho and Johnstone (1992) [ 9 ]. The t w o cases w e find here

corresp ond to differen t smo othness classes in pap er [ 9 ]. The case of no significan t co efficien ts at finer

scales, e.g. the #8 Angles in Figure 12, is an example of spatially homogeneous smo othness, whic h is

roughly constan t with resp ect to lo cation. The case of some significan t co efficien ts at isolated lo cations

at finer scales, e.g. the #4 Blo c ks in Figure 12 is an example of spatially inhomogeneous smo othness,

whic h is far less homogeneous with resp ect to lo cation. The app ealing feature of hard thresholding

with the threshold λ

D is that it is not far from optimal with resp ect to b oth t yp es of smo othness.

In con trast, Hall and P atil (1995c) [ 19 ] use only spatially homogeneous smo othness conditions. This

corresp onds to the #8 Angles part of Figure 12. Note that near the optimal v alue of λ , the parameter

j

0 w orks more lik e a smo othing parameter, whic h corresp onds roughly to their observ ations. This part

of Figure 12 also sho ws Hall and P atil’s p oin t that for v alues of λ that are smaller than the optimal,

the p erformance is not to o far from the optimal, see Section 2.7 of Hall and P atil (1995a) [ 17 ].

The Soft thresholding analogs of Figure 12 are sho wn in Figure 13. These pictures are roughly

similar in structure to those in Figure 12, with t w o v alleys for the same reason. As exp ected from

the lo w er part of Figure 5, the case of small j

0

, large λ is w orse for soft thresholding, but the small λ

v ariance is b etter.

[put Figure 13 ab out here]

Figure 13: Exact R isk as a function of initial thr eshold sc ale j

0 and thr eshold value λ , for

n = 1024 , the Symmlet 8 b asis, and soft thr esholding. The thr eshold value λ

D and λ

M O ar e

shown as dotte d r e ctangles. The lowest p oint on the surfac e, henc e the minimizing values of j

0 and λ , is indic ate d by the vertic al dashe d line. Sele cte d tar get functions ar e #2 Wave

and #4 Blo cks. Both noise levels ar e shown.

An imp ortan t difference though is that nearly optimal c hoice of the parameters is not so simply

a v ailable for soft thresholding. There is no longer a common v alue of j

0 and λ whose risk is alw a ys

reasonably close to the optim um. The threshold λ

M O p erforms w ell in an a v erage sense (and in a

n um b er of the examples considered here), but there is substan tial v ariabilit y in eac h direction. Tw o

extreme cases are sho wn in Figure 13. Another unfortunate feature is that in a n um b er of our examples,

ev en at λ

M O

, c hoice of j

0 is imp ortan t to o. Ho w ev er our plots suggest that the use of λ

M O c ouple d

with a go o d choic e of j

0 do es reasonably w ell. An in teresting op en problem is data based c hoice of j

0

,

whic h could b e p erhaps based on some estimate of the Risk.

The oracle inequalities of Donoho and Johnstone (1994a) [ 10 ] and the asymptotics of Donoho,

Johnstone, Kerky ac harian and Picard (1995) [ 14 ] sho w that b oth hard and soft thresholding ha v e near

optimal rates of con v ergence o v er a v ery large range of functions classes. Our results suggest that for

soft thresholding, careful c hoice of the lev el j

0 is needed for go o d mean squared error p erformance.

On the other hand, hard thresholding with λ

D do es surprisingly w ell for reasonable sample sizes,

and is not adv ersely affected b y a fixed and relativ ely small c hoice of j

0

. This greater robustness of

hard thresholding can b e understo o d from the lo w er part of Figure 5, whic h suggests that carefully

con trolled circumstances are required for soft thresholding to b e b etter than hard thresholding. While

suc h circumstances do o ccur asymptotically , it is not surprising that this can often require v ery large

sample sizes.

3. App endix:

Here are the forms of the target functions in tro duced in Section 1.3.

1. Step:

m

1

( x ) = 0 . 2 + ( 0 . 6 ) 1

(

1

3

, 0 . 75)

( x ) .

2. W a v e:

m

2

( x ) = 0 . 5 + (0 . 2) cos (4 π x ) + (0 . 1) cos (24 π x ) .

3. Blip:

m

3

( x ) =

(

0 . 32 + 0 . 6 x + 0 . 3 e

− 100( x − 0 . 3)

2

)

1

[0 , 0 . 8]

+

+

(

− 0 . 28 + 0 . 6 x + 0 . 3 e

− 100( x − 1 . 3)

2

)

1

(0 . 8 , 1]

.

4. Blo c ks: this is Donoho and Johnstone’s Blo c ks, v ertically rescaled to [0 . 2 , 0 . 8], first define the sign

function sg n ( x ) = 1

(0 , ∞ )

( x ) − 1

( −∞ , 0)

( x ), then define a shifted v ersion ssg n ( x ) = ( 1 + sg n ( x ) ) / 2,

then

m

4

( x ) =

(

0 . 6

9 . 2

)

{ 4 ssg n ( x − 0 . 1) − 5 ssg n ( x − 0 . 13)+ }

3 ssg n ( x − 0 . 15) − 4 ssg n ( x − 0 . 23) + 5 ssg n ( x − 0 . 25)

− 4 . 2 ssg n ( x − 0 . 4) + 2 . 1 ssg n ( x − 0 . 44) + 4 . 3 ssg n ( x − 0 . 65)

− 3 . 1 ssg n ( x − 0 . 76) + 2 . 1 ssg n ( x − 0 . 78) − 4 . 2 ssg n ( x − 0 . 81) + 2 } + 0 . 2 .

5. Bumps: this is Donoho and Johnstone’s Bumps, v ertically rescaled to appro ximately [0 . 2 , 0 . 8],

first define K

w

( x ) =

(

1 +

|

| x

w

|

|

)

− 4

, then

m

5

( x ) =

(

0 . 6

5 . 3437952

)

{ 4 K

0 . 005

( x − 0 . 1) + 5 K

0 . 005

( x − 0 . 13)+

+3 K

0 . 006

( x − 0 . 15) + 4 K

0 . 01

( x − 0 . 23) + 5 K

0 . 01

( x − 0 . 25)+

+4 . 2 K

0 . 03

( x − 0 . 4) + 2 . 1 K

0 . 01

( x − 0 . 44) + 4 . 3 K

0 . 01

( x − 0 . 65)+

+3 . 1 K

0 . 005

( x − 0 . 76) + 5 . 1 K

0 . 008

( x − 0 . 78) + 4 . 2 K

0 . 005

( x − 0 . 81) } + 0 . 2 .

6. Hea viSine: this is Donoho and Johnstone’s Hea viSine, v ertically rescaled to [0 . 2 , 0 . 8], again using

sg n ( x ) = 1

(0 , ∞ )

( x ) − 1

( −∞ , 0)

( x ),

m

6

( x ) =

(

0 . 6

9

)

( 4 sin ( 4 π x ) + 5 − sg n ( x − 0 . 3) − sg n ( x − 0 . 72) ) + 0 . 2 .

7. Doppler: this is Donoho and Johnstone’s Doppler, v ertically rescaled to [0 . 2 , 0 . 8]

m

7

( x ) = 0 . 6

(

√

x (1 − x ) sin

(

2 . 1 π

x + 0 . 05

)

+ 0 . 5

)

+ 0 . 2 .

8. Angles:

m

8

( x ) = ( 2 x + 0 . 5 ) 1

[0 , 0 . 15]

( x ) + ( − 12( x − 0 . 15) + 0 . 8 ) 1

(0 . 15 , 0 . 2]

( x )+

+ ( 0 . 2 ) 1

(0 . 2 , 0 . 5]

( x ) + ( 6( x − . 5) + 0 . 2 ) 1

(0 . 5 , 0 . 6]

( x )+

+ ( − 10( x − . 6) + 0 . 8 ) 1

(0 . 6 , 0 . 65]

( x ) + ( − 0 . 5( x − . 65) + 0 . 3 ) 1

(0 . 65 , 0 . 85]

( x )+

+ ( 2( x − . 85) + 0 . 2 ) 1

(0 . 85 , 1]

( x ) .

9. P arab olas: first define the “quadratic ramp function” r

2

( x, c ) = ( x − c )

2

1

( c, 1]

( x ), then

m

9

( x ) = 0 . 8 − 30 r

2

( x, 0 . 1) + 60 r

2

( x, 0 . 2) − 30 r

2

( x, 0 . 3)+

+500 r

2

( x, 0 . 35) − 1000 r

2

( x, 0 . 37) + 1000 r

2

( x, 0 . 41) − 500 r

2

( x, 0 . 43)+

+7 . 5 r

2

( x, 0 . 5) − 15 r

2

( x, 0 . 7) + 7 . 5 r

2

( x, 0 . 9) .

10. Time Shifted Sine: first define the transformation g ( x ) = ( 1 − cos ( π x ) ) / 2, then

m

10

( x ) = 0 . 3 sin { 3 π [ g ( g ( g ( g ( x ) ) ) ) + x ] } + 0 . 5 .

References

[1] An toniadis, A. (1994) Smo othing noisy data with coiflets, Statist. Sinic a , 4, 651-678.

[2] An toniadis, A. Gregiore, G. and McKeague, I. W. (1994) W a v elet metho ds in curv e estimation,

Journal of the A meric an Statistic al Asso ciation , 89, 1340-1353.

[3] Cohen, A., Daub ec hies, I. and Vial, P . (1993) W a v elets on the in terv al and fast w a v elet transform,

Appl. Comput. Harm. A naly. , 1, 54-81.

[4] Cohen, A., Daub ec hies, I., Ja w erth, B. and Vial, P . (1993) Multiresolution analysis, w a v elets, and

fast algorithms on an in terv al, Comptes R endus A c ad. Sci. Paris (A) , 316, 417-421.

[5] Coifman, R. R., Mey er, Y., Quak e, S. and Wic k erhauser, M. V. (1992) Signal pro cessing and com-

pression with w a v e pac k ets. Pr o c e e dings of the International Confer enc e on Wavelets, Marseil le ,

(Y. Mey er and S. Ro ques, eds.) Springer, Berlin.

[6] Daub ec hies, I. (1988) Orthonormal Bases of Compactly Supp orted W a v elets, Comm. Pur e and

Applie d Math. , 41, 909–996

[7] Daub ec hies, I. (1992) T en L e ctur es on Wavelets ,. SIAM, Philadelphia.

[8] Donoho, D. L. (1993) Unconditional bases are optimal bases for data compression and for statistical

estimation, Appl. Comput. Harm. A naly. , 1, 100-115.

[9] Donoho, D. L. and Johnstone, I. M. (1992). Minimax estimation via w a v elet shrink age. T ec hnical

rep ort No. 402, Departmen t of Statistics, Stanford Univ ersit y .

[10] Donoho, D. L. and Johnstone, I. M. (1994a). Ideal spatial adaptation b y w a v elet shrink age,

Biometrika , 81, 425-455.

[11] Donoho, D. L. and Johnstone, I. M (1994b). Minimax risk o v er ℓ

p

-balls for ℓ

q

-error. Pr ob ability

The ory and R elate d Fields , 99, 277-303.

[12] Donoho, D. L. and Johnstone, I. M. (1994c). Ideal Denoising in an orthonormal basis c hosen from

a library of bases, C. R. A c ad. Sci. Paris, Ser. I , 319, 000-000 (in press).

[13] Donoho, D. L. and Johnstone, I. M. (1995a). Adapting to unkno wn smo othness via W a v elet

shrink age, J. A mer. Statist. Asso c ., to app ear.

[14] Donoho, D. L., Johnstone, I. M., Kerky ac harian, G. and Picard, D. (1995). W a v elet shrink age:

Asymptopia? Jour. R oy. Statist. So c. Ser. B , 57, 301–369.

[15] Doukhan, P . (1988). F ormes de T o eplitz asso ci ées à une analyse m ulti- éc helle, Comptes r endus

A c ad. Sci. Paris , 306, 663-668.

[16] Gasser, T. and M üller. H.-G. (1984) Estimating regression functions and their deriv ativ es b y the

k ernel metho d, Sc andinavian Journal of Statistics , 11,171-185.

[17] Hall, P . and P atil, P . (1995a). On the c hoice of smo othing parameter, threshold and truncation

in nonparametric regression b y nonlinear metho ds, to app ear in Journal of the R oyal Statistic al

So ciety, Series B .

[18] Hall, P . and P atil, P . (1995b). F orm ulae for mean in tegrated squared error of nonlinear w a v elet-

based densit y estimators, to app ear in A nn. Statist . 23.

[19] Hall, P . and P atil, P . (1995c). Effect of threshold rules on p erformance of w a v elet based curv e

estimators, to app ear in Statistic a Sinic a .

[20] Hall, P . and P atil, P . (1995d). On w a v elet metho ds for estimating smo oth functions, to app ear in

Bernoul li, 1.

[21] Kerky ac harian, G. and Picard, D. (1992) Densit y estimation in Beso v spaces. Statist. Pr ob ab.

L ett. ,13, 15-24.

[22] Leadb etter, M. R., Lindgren, G. and Ro otz én, H. (1983). Extr emes and R elate d Pr op erties of

R andom Se quenc es and Pr o c esses . Springer-V erlag, New Y ork.

[23] Mallat, S. G. (1989a) A Theory for Multiresolution Signal Decomp osition: The W a v elet Repre-

sen tation, IEEE T r ans. Patt. A nal. Mach. Intel l ., 11, 674–693

[24] Mallat, S. G. (1989b) Multifrequency Channel Decomp ositions of Images and W a v elet Mo dels,

IEEE T r ans. on A c oust. Signal Sp e e ch Pr o c ess ., 37, 2091–2110

[25] Marron, J. S. and W and, M. P . (1992) Exact mean in tegrated squared error, A nn. Statist. , 20,

712-736.

[26] Mey er, Y. (1990) Ondelettes et Op ´ erateurs, I: Ondelettes, I I: Op ´ erateurs de Calder´ on-Zygm und,

I I I: (with R. Coifman), Op érateurs m ultilin ´ eaires. Hermann, P aris. English translation of first

v olume is published b y Cam bridge Univ ersit y Press.

[27] Neumann, M. H. (1994). Sp ectral densit y estimation via nonlinear w a v elet metho ds for stationary

non-Gaussian time series. Preprin t No. 99, Institut f ür Angew andte Analysis und Sto c hastik,

Berlin.

[28] Neumann, M. H. (1995). Commen ts on “W a v elet shrink age: Asymptopia?”. Jour. R oy. Statist.

So c. Ser. B , 57, 346–347.

[29] Neumann, M. H. and Sp ok oin y , V. G. (1995) On the efficiency of w a v elet estimators under arbitrary

error distributions, Math. Metho ds of Statist. , to app ear.

[30] Strang, G. (1989) W a v elets and dilation equations: a brief in tro duction, SIAM R eview , 31, 614-627.